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MAGELLANIC CLOUDS. IIT, DIFFERENTIAL ABSORPTION 
WITHIN THE LARGE CLOUD 


By HARLOW SHAPLEY AND VIRGINIA MCKIBBEN NAIL 
HARVARD COLLEGE OBSERVATORY 
Communicated February 15, 1952 


1. The evidence that much light-dimming material exists in the Large 
Cloud was presented in an earlier communication! where the meagerness of 
the population of remote galaxies shining through the Cloud was proposed 
as at least rough proof of the smogginess of that galaxy. At a distance of 
four or five degrees from the geometrical center of the Cloud, the population 
of translucent galaxies attains normal richness, even though the outer 
boundaries are at least six degrees from the center. Outlying parts of the 
Cloud are, therefore, essentially dust- and gas-free. 

The question naturally arises: can we detect the unevenness of the ob 
scuring material in the main body of the Cloud, where the census of faint 
galaxies is incompetent to reveal different degrees of obscuration? Is it 
denser around the giant star clusters of the Large Cloud, around the bright 
nebulosities, and in the Axis, than it is in the open fields? 

2. Asa by-product of the study of the variable stars, we can now answer 
these questions. The measuring tool is, of course, the ever useful period 
luminosity curve and the Cepheid variables upon which it is based. 

With sufficient accuracy for our present purpose, the period-luminosity 
curve may be written as a straight line 

m=a-+ blog P (1) 
and as 
m = 17.14 — 2.08 log P (2) 
for the Cepheids of the Large Cloud that have periods between two and 
forty days, where P is the period in days and m is the median apparent 
photographic magnitude.* Equation (2) applies, therefore, to about 9S 
per cent of the Cepheid variables. At the currently adopted distance d of 


25,000 parsecs, and with an average space absorption over the Cloud of 
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Am = O04 mag. (arising partly in our Galaxy and partly in the Large Cloud) 
we have wi M + 5 (log d 1) + Am 17.4 + VV, and 


M -0.26 — 2.08 log P (2’) 


The differential absorption from one part of the Cloud to another appears 
in the parameter a of equation (1) that is, it is shown by the vertical shift 
of the period-luminosity curve as usually plotted. We appropriately as 
sume that there are no significant errors in the determination of period, and 
that the intrinsic relation of period to luminosity is independent of position 
in the Cloud. 

3. Six regions in the Large Cloud have been selected for thorough inves 
tigation. From many intercomparisons of photographs, practically all 
variables with appreciable variation have been discovered in these fields, 
except possibly some Algols with relatively narrow minima, and they are 
more likely to be members of the foregound than of the Cloud. For these 


FABLE 1 


GALAXIES NUMBER MEAN 
AKEKA IN PER OF SYSTEMATIC SQUARI 
LOCATION SO. DEG SY. DEG VARIABLES DEVIATION PRROR 


N 1856 67 0 30 +-() 27 OG] 


Axis 75 5 1 O09 O34 
30) Doradus 0) 1S tO 18 O94 
Intermediate 2.75 28 20 O59 
N 1783 0) 1Y - : O74 
N 1S66 67 ( 23 0.05 O39 
Totals and Weighted Means ) 204 +O 10 22 
A+B Axis fields : 116 +O 14 030 
E+ F Outer fields ) 42 0.09 039 


six selected regions we are able to report the relative frequency of types of 
variables, and the relative frequency of the various period lengths of the 
Cepheids. (See following paper.) Also the period-luminosity curve can be 
tested in each of these regions for deviation of slope and zero point from 
the mean. In the following paragraphs the test of zero point is reported. 

The six regions that have been studied during the past several years are 
shown in figure | on a reproduction of a photograph of the Large Cloud; 
they are also listed in the following tabulation. Region A is at the east end 
of the Axis; Region C, the 30 Doradus neighborhood, has been reported 
in an earlier communication,’ and Region F, around NGC 1866, in a paper 
read before the American Astronomical Society. The new values of pe- 
riods and median magnitudes will be published in //arvard Observatory Bulle 
lin 921. 

For all variables in each field of table 1, the deviation of the observed 
median magnitude from the adopted period-luminosity curve has been 
derived not graphically but by computing a median magnitude from the 
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period by means of equation (2). For each field the mean of these devia 
tions, m, — m,, and its mean-square error are given in the sixth and seventh 
columns. 


The positive systematic deviations indicate for regions A, B, C and D 


that the mean median magnitudes of the Cepheids fall below the period 


luminosity curve based on the formula. In such places, the light absorption 


FIGURE 1 


Approximate locations and dimensions of the six fields in the Large Cloud. 


averages to be heavier than for the Cloud as a whole. Negative systematic 
deviations indicate greater clarity than the average. 

t. Region C contains recognizable bright nebulosities. Presumably dark 
nebulosity is also present in such an area and doubtless some of the Ceph 
eids studied are imbedded in or are behind the light-dimming nebulosity. 
On plates made with the 60-inch reflector, as well as on those made with the 
Bruce refractor, which were used for most of this study, the center and west 
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end of the Axis is clear of spotted nebulosity, bright or dark, and the small 
average systematic deviation in field B may reflect this relatively high 
transparency. 

The Intermediate region D is near the great 30 Doradus nebulosity and 
the large positive deviation suggests that the region may be shadowed by 
the outlying dark clouds. The two outer regions E and F have negative 
systematic deviations. They should give the better zero point for the 














10 


Log P? 
FIGURE 2 
The period-luminosity curve. The variables in the outer 
fields (i, F) are represented as crosses, the intermediate region 
(ID) as X's, the Axis (A, B) as dots, and the 30 Doradus field 
(C) as open circles 


period-luminosity curve, and, therefore, a preferred value of the distance of 
the Cloud. 

Comparing the two outer regions with the two Axis regions (bottom of 
table 1), we get a difference Am = 0.23, which is a minimum measure of the 
total absorption. The scarcity of external galaxies in these two outer fields 
suggests that they also may be strongly affected by obscuring matter, and 
the total blocking of light in the main body of the Cloud may, therefore, 
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amount to as much as three-fourths of a magnitude, in addition to that 
which is contributed from the dust and gas in our galactic system. But 
at latitude —33° the galactic contribution is, perhaps, negligible, since the 
frequency of faint galaxies around the Large Cloud is as high as it is at the 
South Galactic Pole. 

5. The material here presented for the six regions provides no sufficient 
basis for supposing that the period-luminosity curve varies in slope in dif 
ferent parts of the Cloud. Any small difference derived from the data 
could easily be attributed to the residual errors in the magnitude scale of 
the secondary sequences used for each field. Especially for this intercom 
parison of fields, the magnitude sequences have been revised where neces 
sary, and are based on a single master sequence. (Differences in slope be- 
tween the Large and the Small Cloud are also to be attributed to the differ- 
ing magnitude scales which we are now adjusting with the aid of photoelec- 
tric photometers. ) 

The formula used above was derived for the Large Cloud some years ago 
when the periods of only 137 stars were known. They were scattered at 
random over the Cloud, with a natural selection of those outside the 
crowded fields. These stars yielded a good period-luminosity curve but 
not a proper survey of period frequencies. In figure 2 we plot the material 
from the six thoroughly studied regions (omitting all others), and put in the 
period-luminosity line of equation 2. There appears to be no need to re 
vise the formula at this time. 

6. It should be noted that there are several probable causes of the con- 
spicuous scatter of the individual points. The most important are (1) 
the spotty light absorption which is shown by the present discussion and is 
also directly visible on long exposure photographs, and (2) the inevitable 


dispersion arising from the thickness of the Cloud. For the variables in 


and beyond the center of the Cloud, the median magnitudes are dimmed 
both by distance and by absorption; and those on this side of the center 
are brighter than the average of the same period lengths because of being 
nearer and free from absorption. 

If the diameter of the Large Cloud in the line of sight is comparable with 
the transverse diameter, then we compute from the approximate formula 


Am = Mtar — Mnear = 5 log [(1 + sin 6)/(1 — sin @)] 


(where @ is the angular semidiameter) that the magnitude difference for 
Cepheids of a given period on the near and far boundaries (extreme limits) 
is Am = 0.48, aside from the contribution by absorption in the Cloud, and 
for Cepheids on the near and far edges of the main body of the Cloud, Am = 
0.24.* 

To this very appreciable source of scatter we now add the demonstrated 
contribution of uneven density of light-dimming material within the Cloud, 
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as well as the other causes of disperston in the median magnitudes, such as 
optical doubling, the Eberhard effect on magnitudes in crowded places, 
and the errors in measured median magnitudes and calculated periods. 
Less scattering than we now find is hardly to be expected, even when much 
more extensive and precise photometry is carried through. Furthermore, 
it is also quite possible that some Cepheids with identical periods actually 
have measurably different candlepowers. We have, as yet, no theory that 
demands exact relationships between period and luminosity, and we have 
some evidence that the classical Cepheids may not be all of one kind. 

* At the distance of the Large Cloud, 1’ is equivalent to approximately 25 light years 
The total diameter is 18,000 light years. For the main body of the Cloud the linear 
diameter is about 10,000 light years, which is probably less than one-quarter of the diame 
ter of the comparable central part of our own galactic system. Consistent with this di- 
mensional difference, the luminosity of the Large Cloud is less than one-tenth of that of 
the galactic system, and the Cloud’s mass and star population may be but a hundredth. 

1 These PROCEEDINGS, 37, 133-138 (1951); Harvard Reprint 345 (1951). 

* These PROCEEDINGS, 26, 541-548 (1940); Harvard Reprint 207 (1940). 

§ These PROCEEDINGS, 34, 173-179 (1948); /larvard Reprint 306 (1948). 

4 Ast. J., 55, 249-251 (1951); Harvard Reprint Series 11-36 (1951). 


MAGELLANIC CLOUDS. IV. ON THE PERIOD FREQUENCY 
ANOMALIES 


By HaRLOW SHAPLEY AND VIRGINIA MCKIBBEN NAIL 
HARVARD COLLEGE OBSERVATORY 
Communicated February 15, 1952 


1. One of the most striking facts that has turned up in our studies of the 
Magellanic Clouds is the preferential concentration of longer period Ceph- 
eids into the denser parts of the Small Cloud, while fainter variables, with 
unusually short periods for classical Cepheids, are dominant in the variable 
star population of the sparse outer areas. The correlation of average period 
length with distance from the center of the Small Cloud has been definitely 
established,' but the evidence has not been clear for the Large Cloud. We 
have now increased the number of its measured variables from 144, pub- 
lished before 1948, to 320, and have made a thorough examination of the 
period distribution in six regions. (Two-thirds of all the variables in these 
regions are classical Cepheids.) A new examination of the period fre- 
quency anomaly is, therefore, possible. We base it on new data for 204 
classical Cepheids, for which the periods of 110 are yet to be published.” 

Results for the six selected regions are summarized in the following tabu- 


lation: 
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DISTANCE DISTANCE 
NUMBER FROM FROM 
OF MEDIAN GEOMETRIC CENTER 
REGION LOCATION VARIABLES PERIOD CENTER OF AXIS 


N 1856 35 6°88 1°5 12 
Axis Sl 4.46 1.3 0.. 
30 Doradus 18 6.24 l 

Intermediate 28 34 

N 1783 19 3.65 

N 1866 23 3.19 

Axis fields 116 4.79 

Outer fields 42 3.26 


The location of the six fields is shown in the photograph of the preceding 
paper. 


No. No 
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10 15 20 25 380 30 
Period in days. 
FIGURE | 


Frequency of periods for classical Cepheids in five fields of Large Cloud 


2. The effect clearly shown for the Small Cloud is strongly indicated by 
the numbers in column 4 of the table. The actual difference between the 
star-composed “‘bar’’ of the Cloud, which we call Axis, and the outer regions 
is probably greater than shown, since some of the short period variables in 
our survey ofthe Axis fields may not be located in the dense regions, but 
rather are projected on the Axis from the outer parts of the Cloud. Also, 
we should note that in the most obscured fields (e.g., the east end of the 
Axis) the faintest variables, which will usually have the shortest periods, 
would be most easily dimmed out of the reach of our surveys. We believe, 
however, that this selective effect can by no means erase the observed tend- 
ency for the longer periods to appear preferentially in the dense Axis re- 
gion. The low value of the median for field B makes the anomaly less 
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convincing here than in the Small Cloud. In field B there are 14 irreguar 
variables mostly of the type found commonly in the Orion Nebula, and 15 
variables of unknown type; most of these are relatively bright and the un- 
revealed Cepheids among them would move the median toward longer 
periods. 

In figure | the distribution of periods is shown for each field separately, 
and also for the combinations of the Axis pair and the two outer fields. 

A preferential nuclear location of long period classical Cepheids in our 
Galaxy similar to that in the Magellanic Clouds is complicated by the fact 
that the galactic nucleus is exceedingly rich also in the cluster-type Ceph- 
eids which are absent from the Magellanic Clouds. 

3. In figure 2 a new comparison is made of the distributions of Cepheid 


Days 
FIGURE 2 


The frequency of the periods of classical Cepheids in 
three galaxies. 


periods in both Magellanic Clouds and in the galactic system. The data 
have been adjusted to equal numbers of stars and have been smoothed in 
order to bring out pictorially the second important anomaly in the proper 
ties of Cepheids in the Clouds namely, the striking difference in frequency 


distribution of periods between the galactic system and the Small Cloud, 
with the Large Cloud intermediate. Only three of the 196* periods of 
classical Cepheids in the six completely examined fields of the Large Cloud 


are less than two days. In the Small Cloud 135 periods out of 536 are less 
than two days. In the galactic system, with data from the Russian Cata- 
logue of 1948, and the 1949 and 1950 Supplements,* the score is 20 out of 


* The eight stars with periods greater than 20 days are omitted from the figure and 


computation 
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135. The percentages are 1.5, 25.2 and 4.6. The data for the Clouds will 
change little with increase of numbers, and the ratio of | to 17, therefore, 
stands out as a most remarkable and suggestive phenomenon. 

1. That the period frequency anomaly is associated with the stage of 
development in these similar irregular galaxies is a fair supposition. The 
Small Cloud, on this hypothesis, is more ‘‘advanced”’ than the Large. It is 
intermediate in some of its evolutionary characteristics between the dust- 
and-gas rich Large Cloud and the dust-free Sculptor Cluster, which is a 
dwarf open-structure spheroidal galaxy very rich in variables of the cluster- 
type.’ The Sculptor Cluster has few classical Cepheids and few highly 
luminous stars; the Small Magellanic Cloud has many of both, but the 
Large Cloud is much richer in such supergiants. 

The scores of Cepheids with periods around 1.5 days in the Small Cloud 
may be that system's version of cluster-type variation; and this observa 
tion leads to the suggestion that the chemistry and the behavior of the 
Cepheids of a galaxy or globular cluster are related to its mass and stage of 
development. 

' These PROCEEDINGS, 28, 200-204 (1942); Harvard Reprint 241 (1941) and Harv 
Obs. Bull. 916 (1942) 

2? Harv. Obs. Bull. 921 (1952), in press 

§ Kukarkin, B. V., and P. P. Parenago, The General Catalogue of Variable Stars, Mos 
cow (1948), First Supplement to the General Catalogue of Variable Stars, Moscow (1949), 
uid Second Supplement to the General Catalogue of Variable Stars, Moscow (1950) 

‘Shapley, H., Comparison of the Magellanic Clouds with the Galactic System, Mich 
Pub , 10,79 8401951); Harvard Reprint Sertes 1-387 (1951 


BREAKAGE OF CHROMOSOMES BY OX YGEN* 
By ALAN D. CONGER AND LUCILE M. FAIRCHILD 
BiotoGy Diviston, OAK RIDGE NATIONAL LABORATORY OAK RIDGE, TENNESSEE 
Communicated by Karl Sax, February 12, 1952 
The general physiological effects of oxygen on tissues and whole organ 
isms, such as non-nuclear effects, death and other phenomena, are well 


known. Cleveland! has mentioned that oxygen will partially or com- 
pletely destroy the chromosomes and nuclear membrane of the gameto- 


phyte of the flagellate 7richonympha, which lives in a roach. ‘This paper, 


however, is concerned only with a very specific effect of oxygen on the cell, 
the breakage of the chromosomes and production of chromosomal aber- 
rations identical with those induced by radiation. 

Treatment of Tradescantia flower buds and dry pollen grains with 
oxygen produces chromosomal aberrations which can be observed in the 
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pollen grain or pollen tube division. Chromosomal aberrations produced 
by oxygen are in all respects indistinguishable from those found after ex- 
posure to ionizing radiations. The magnitude of the effect is considerable, 
from two to ten times as great as is generally studied in radiation experi- 
ments. Methods of treatment, culture and subsequent observation 
of broken chromosomes are identical with those employed in conventional 
radiation experiments, except that oxygen or some other gas is used in- 
stead of radiation. 

Some of the features of the breakage of chromosomes by oxygen will be 
presented in the following sections. Before presenting the detailed mate 
rial we may say that, to date, we have produced aberrations in pollen grains 
no less than nineteen different times, in about as many ways, and over 
a period of four months. Also, though there may be some quantitative 
variation between experiments from week to week, most experiments are 
consistent among themselves. 

The experiments have revealed that the chromosome breakage is due to 
the oxygen itself, not the impurities in it; that light is not necessary in the 
reaction; that the magnitude of effect is related to time of exposure, 
oxygen concentration and the pressure at which it is applied. 

Methods. Gas has been applied to pollen or other material in a variety 
of ways by: (a) flushing gas over the pollen at normal pressure, (6) evacu- 
ating with a Megavac pump (to a pressure of about 100 uw of Hg) and 
admitting gas to normal pressure a number of times, (c) admitting gas to a 
small pressure bomb to positive pressures and releasing to normal pressure 
a number of times or (d) combinations of these treatments. 

The bulk of the experiments to be described were made on dry pollen 
grains of the flowering plant 7 radescantia paludosa Anderson and Woodson 
(Sax clone No. 5). These dry, air-borne ellipsoidal cells are about 40 XK 20 u 
and have a moderately thickened cell wall. The pollen is collected from 
freshly opened flowers in the morning, desiccated for an hour or so over 
calcium sulphate to facilitate handling, then dusted onto a glass slide in a 
layer only a few cells thick. The very thin layer of pollen is exposed to 
gas in either a small brass pressure bomb or in glass tubes with stopcocks 
at either end; gas is flushed through the containers from end to end, across 
the pollen. The treated pollen grains are sowed on a lactose-agar-colchicine 
medium spread on a microscope slide and cultured in a moist box for about 
18 hours (modified from the method of Bishop, 1949"). Colchicine is added 
to shorten chromosomes and accumulate nuclei at metaphase of division. 
The slides are fixed, stained by the Feulgen technique, and made into 
permanent mounts Chromosomal aberrations are observed in the gener- 
ative nucleus at the pollen tube division. Flower heads of Tradescantia 
were handled similarly, and entire growing plants were exposed to gas under 
bell jars. Commercial cylinders of gas from various suppliers (Linde 
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oxygen >99.50 pure and nitrogen >99.70) pure, Matheson medical oxygen 
>99.8°> pure and Southern Oxygen Co. helium >99.8°) pure) have all 


been employed. One of the tanks of oxygen used for most of the experi- 


ments was analyzed at this laboratory and found to be >99.5°% pure. 
Experiments and Results.—In the following experiments, the breakage 
of chromosomes by oxygen under different conditions will be described. 
For each of the experiments, an appropriate control was made, identical 
to the oxygen treatment except that no oxygen was used. The control 
data showed that no chromosomal effect was caused by the methods of 
pollen culture, the conventional handling of the pollen or by repeated 
evacuations or pressure applications to the pollen. Since all the control 
experiments were negative, the individual data are presented as a total 
only in table 1. 
TABLE | 
SPONTANEOUS ABERRATION FREQUENCY IN POLLEN 
Total of one or more control treatments from each experiment 
Experiments & 
Slides 39 
Total Cells 1089 
Normal Cells: 
No.. L060 
Fraction 0.972 
Aberrations: 
Chromatid plus isochromatid deletions 
No.. 
Per cell 
Exchanges 
N@.s:.. l 
Per cell 0.001 


One of the early experiments indicated that aberrations were produced 
in about the same amount whether oxygen was applied to the cells by 
merely flushing at normal pressure or by repeated evacuation and gas 
admission, at least when the period of treatment was not less than 1'/» 
hours. The experiment also shows that the effect is caused by oxygen from 
two sources. These data are given in table 2, part A. 

That this effect is being caused by the 0.4% or less of impurities present 
in oxygen from commercial cylinders seems unlikely since the usual con 
taminants moisture, hydrogen, and nitrogen are biologically inert. 
Nevertheless, a test was made using a |-liter flask of reagent grade oxygen 
(100°) pure, no contaminants) sealed to an acid-cleaned, degassed, all- 
glass system. After inserting the pollen into the system and evacuating 
for three minutes, the system was closed off from the pump and the glass 
seal to the oxygen flask broken. Pollen remained in the oxygen for 2 
hours. Data are in table 2, part B. 
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204 














This experiment would seem to establish the fact that it is the oxygen 
and not the 0.4% of contaminants present in commercial cylinders that 
is causing this effect. In experiments like this one with long exposure 
times or with high pressures, the chromosomes are so drastically affected 
that only fragments are seen in most dividing nuclei, as many as 50 in some. 
The nuclei resemble those found in cells irradiated with 1000 r or more of 
x-rays. At these very high levels of effect it is difficult to score individual 
aberrations accurately and the frequency of ‘fragments per cell’’ is a more 
reliable measurement. This high fragment frequency is observed again at 
the highest pressure in a later experiment using positive pressures of two 
to seven atmospheres delivered to the pollen on a glass slide inside a brass 
pressure bomb. Data are in table 2, part C. 


X-RAY DOSE IN AIR (1) 
200 


























100 
pineinnninio aatinianpennianinel n 
3 
S2s4 
M- RAY DOSE WW AIR ir) = 
100 200 300 t 
4 A A _ Dal 
104 S20 
‘ @ 
4 = 
“ 4 s+ 
2 £ OXYGEN 
; f 4 OXYGEN 
/ ~ 1\o~ 
.- KRAYS ow ¢ 
5 ~< 9 . Zoon= 
= Pos oe - “ 
& - = 
ome x RAYS — ~ a oe 
t. Pr al ° 
oO + - T T T T T ° = T T T T T T 
20 s% 60 0 6 = 10 20 so h6OlUmFUlUlUOO CUO 


(AiR) PER CENT OXYGEN AT NORMAL PRESSURE FOR ONE HOUR (AiR) PER CENT OXYGEN AT NORMAL PRESSURE FOR ONE HOUR 








FIGURE 2 





FIGURE 







Figure 1. Fraction of normal (aberration free) cells against oxygen concentration, 
and against X-ray dose in air. 
Figure 2. Frequency of chromatid plus isochromatid aberrations against oxygen 


concentration. 


Symbols: @ 21 June; O 25 June; & Control (air). 











It is seen from this experiment that as the oxygen pressure is increased 
the effect also increases. That the pressure itself is not causing this is 
demonstrated by the lack of effect when helium is used. 

Since these pollen grains are relatively small transparent cells and are 
known to transmit light, there was a reasonable probability that the break- 
age of chromosomes observed was due to some sort of combined effect of 
oxygen plus light. The possibility that this is a photoactivated-oxygen 
reaction was tested by an experiment in which the pollen was kept in com- 
plete darkness for the period from '/, hour before the commencement of 
the oxygen treatment to three hours after its completion and the removal 


of the cells from oxygen. <A brief period, less than five minutes, of illumi- 
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nation (by a red darkroom safelight only) was necessary for sowing the 
pollen on the slides. After this, the cells were grown in total darkness un- 
til the slides were fixed and stained 18 hours later. Results are given in 
table 2, part D, which show that the oxygen effect is not dependent upon 
a photoactivated process. 

The relation of aberration production to oxygen concentration, at a 
constant time, has been tested twice. Oxygen/nitrogen gas mixtures 
after repeated evacuations were .flushed over the pollen for one hour. 
Data are in table 4, which includes for comparison results of X-irradiation 
in air. The same data are plotted in figures | and 2. 

The graphs illustrate several features of the oxygen effect. The two 
points at 90 and 100% oxygen on June 25 (indicated by the dotted line 
departing from the oxygen curve) show the occasional quantitative varia- 
tion found between supposedly identical experiments done at different 
times In this particular case, we suspect that the mixtures for the two 
deviating points were improperly prepared or some back-flow of gases 
between tanks occurred during the mixing process. If these two points 
be ignored, the consistent data of June 21 combined with the remainder of 
the June 25 data seem to indicate rather clearly several things: (1) As 
oxygen concentration (at normal pressure) is increased, the effect increases. 
(2) The curve of normal cells against concentration, if extended back, falls 


to approximately zero effect at 209% oxygen (air). (3) Chromatid plus 


isochromatid deletions appear to be increasing as a power of oxygen con 
centration. (4) An equal effect is produced by 65°, oxygen for one hour 
and 350 r of x-rays. 

The last experiment suggests that any partial pressure of oxygen in 
excess of that normally found in air, whether achieved by concentration 
or by pressure, should cause chromosome breakage. This has been veri 
fied by using compressed air at positive pressures, table 2, part E. Though 
it has been tested but once, on August 27, it appears that air (20° oxygen) 
at 5 atmospheres does not produce as much affect as 100°) oxygen at one 
atmosphere. In addition, these results with compressed air confirm the 
evidence with reagent grade oxygen that it is not the contaminants present 
in oxygen cylinders that are causing the effect. 

The previous experiments indicate that effect is a function of oxygen 
concentration and pressure, and we may assume of time also. A prelimi 
nary test of the relation of effect to time of exposure (concentration and pres 
sure constant), table 2 part F, illustrates this. Though the data are 
small, it appears that normal cells are disappearing exponentially with 
time. It is interesting that the effect is still increasing up to an hour or 
more. Theoretically, the relaxation time for oxygen diffusion to the center 
of these cells (considered as a sphere of water) is less than 0.1 second. 
The very great difference between these times indicates that for oxygen 
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to exert its effect it must do more than simply diffuse into the cell and 
reach the nucleus. 

A number of attempts have been made to produce chromosomal aber 
rations with oxygen in material other than the dry pollen grains. It has 
been possible to do this to the microspores and pollen mother cells in the 


flower buds of Tradescantia by growing entire plants for four days in an 


atmosphere of oxygen with a slow constant flow of gas, and by a 3-hour 
exposure of inflorescences to oxygen at 100 pounds pressure. Results are 
given in table 4 which show that oxygen can break chromosomes in nor- 
mal, wet, metabolizing tissues in both prophase and resting stage, at 
meiotic and mitotic divisions, and with treatment periods as short as 
three hours. 

We would like to emphasize here that, to date, our detection of oxygen- 
broken chromosomes in the flower buds has been exceedingly variable. 
We have generally observed in these flower bud experiments that the 
majority of the treated buds die before the cells can be examined and are 
therefore unavailable for chromosomal observation, and the surviving 
buds are outwardly unaffected and show no broken chromosomes. In the 
few buds, observed before death of the cells is complete, multitudes of 
chromosomal aberrations identical to radiation induced ones are observed. 
From our experience, we are reasonably convinced that oxygen-broken 
chromosomes are not observed more frequently because in wet tissues 
there is a very close tolerance between breaking chromosomes and killing 
the cell, and usually the latter effect is produced. It is rather striking that 
a treatment as short as three hours will produce this effect. 

Discussion.-- Several of the features of chromosome breakage by oxygen 
indicate that the cell has an upper limit of oxygen tolerance which if ex- 
ceeded, by an amount that is a function of the oxygen partial pressure and 
time of exposure to it, will cause chromosomal breakage. That this is a 
metabolic function of the cell seems clear from the fact that no effect is 
caused by air (20°) oxygen) and that there is an increase in effect with 
time of exposure up to an hour, much longer than the simple diffusion time. 
The cell apparently has some normal rate for oxygen metabolism, and the 
amount of chromosomal breakage induced is related to the amount by 
which this oxygen rate is exceeded. 

Although it is stated that the effect falls to zero at a partial pressure of 
20% oxygen (air), the control results in table 1 show that about 3%, of 
the pollen grains normally have ‘‘spontaneous’ chromosome aberrations. 
The experiment on oxygen concentrations suggests that this residual 30% 
of spontaneous breaks may be due to the oxygen normally present in air; 
the conclusion is particularly suggestive since it has been shown that the 
natural radiation level is about a thousand-fold too small to account for 
the spontaneous chromosome breakage rate.* 
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The identity of the effect of oxygen and ionizing radiations on these 
chromosomes, oxygen producing all of the same type of aberrations as 
radiations, implies that the two agents are acting in a similar way. Radi- 
ation is known to produce active radicals in water, of which OH and HO, 
are the most suspect in biological effects. Oxygen may be producing its 
effects on the chromosomes through the action of these same radicals, 
some of which can be formed by certain oxidative enzyme systems known 
to occur in plants. With the present limited data, it would be fruitless 
to speculate further on this point. 

It seems fair to say that the breakage of chromosomes by oxygen is 
probably a phenomenon of general application to normal tissues, and is 
not restricted to specialized cells like the dry pollen grains, although it is 
more readily produced in them. The positive results in causing breakage 
in the flower buds, in several stages of division, demonstrate this. But 
from our numerous attempts to cause chromosomal breakage in the flower 
buds with oxygen, mostly resulting in the death of the cells, we suspect 
that in wet tissues an oxygen treatment sufficient to break chromosomes is 
generally lethal (or almost so) to the cell. 

Summary. Chromosomes have been broken in the dry pollen grains and 
in the microspores of the plant Tradescantia by exposure of the cells to 
partial pressures of oxygen greater than that of air. The chromosome 
aberrations produced are identical to those caused by ionizing radiations. 


Exposure to 100% oxygen for one hour will produce as many chromosomal 
aberrations as approximately 1200 r of x-rays; 659% oxygen, as much effect 


as about 350 r. 

The aberrations are not being caused by the methods of treatment 
employed. The reaction is not photoactivated. Magnitude of effect is 
related to time of exposure and to partial pressure of oxygen, increasing 
from almost no effect in air (20°) oxygen) to maximum measurable effect 
at 100% oxygen. Increasing the partial pressure of oxygen by exposing 
cells in ordinary air at positive pressure will break chromosomes also. 


* Work performed under Contract No. W-7405-eng-26 for the Atomic Energy Com 
mission 

' Cleveland, L. R., ‘The Whole Life Cycle of the Chromosomes and Their Coiling 
Systems,” Trans. Am. Phil. Soc., new series 39, 1-100 (1949). 

2 Bishop, C. J., ‘Pollen Tube Culture on a Lactose Medium,” Stain Technol., 24, 9-12 
(1949). 

® Giles, N. H., “Spontaneous Chromosome Aberrations in Tradescantia,’’ Genetics, 
25, 69-87 (1940) 

* Radiation Chemistry Symposium, London, 1950, Brit. J. Radiology, XXIV, 413-440 
(1951) 
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MUTANT ISOALLELES AT THE VERMILION LOCUS IN DRO- 
SOPHILA MELANOGASTER 


By M. M. GREEN 
Division OF GENETICS, UNIVERSITY OF CALIFORNIA, Davis, CALIFORNIA 
Communicated by R. E, Clausen, February 6, 1952 


The term isoalleles has been used to describe allelic genes which when 
homozygous product phenotypes indistinguishable from one another, 
but which can be separated from each other by special tests.!. Wild type 
isoalleles have been described for the cubitus interruptus! and white® 4 loci 
in Drosophila melanogaster and for the bobbed locus in D. hydet.4 Similar 
cases which may be ascribed to isoallelism are the multiple six alleles in 
Lymantria and Habrobracon and the self-sterility alleles in Nicotiana, 
Oenothera, ete. The results to be reported herein, viz. isoallelism among 
vermilion mutants in D. melanogaster are of interest because of the known 
biochemical basis for the action of vermilion mutants. Thus it should be 
possible to attempt a more exact analysis of the nature of isoallelism. 

Mutants at the vermilion locus in D). melanogaster are recessive, sex-linked 
and are characterized phenotypically by the almost complete absence of 
the brown pigment component of the eyes. From the analysis of the 
behavior of vermilion mutants in gynandromorphs,’ of transplantation of 
optic disks® and later of biochemical studies’ * it has been shown that in 
vermilion mutants a failure occurs in the conversion of tryptophane to 
kynurenine. This inability to convert tryptophane to kynurenine in 
vermilion flies results in a block in the synthesis of brown eye pigment. 
When vermilion eye disks are supplied kynurenine—as in gynandromorphs, 
in transplants into wild-type hosts, or by feeding or injection of kynurenine 
to vermilion larvae-—brown pigment synthesis occurs. In addition it has 
been found that brown pigment formation occurs in homozygous vermilion 
flies made homozygous for certain suppressor mutants.’ As will be demon- 
strated here, by using the suppressor mutants it is possible to distinguish 
between vermilion mutants of independent origin which are otherwise 
phenotypically inseparable. 

The following vermilion mutants were used (mutants which arose spon- 
taneously will be designated by (s), and mutants which arose as a result 
of x-ray trgatment will be designated (X)): v'(s), v°(s), v5*(s), v®*(X), 
v'@(X), vs), v(X). The various v mutants were tested inter se, and 
it was observed that compound 9° 9 carrying any two of the v mutants 
were clearly vermilion in phenotype. Two sex-linked, recessive suppressor 
mutants were used: su*-s, a suppressor of sable and of vermilion and 
spontaneous in origin, and su’-v, an x-ray induced suppressor of vermilion. 


The usual tests showed su?-s and su’-v to be allelic. 
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To determine the phenotype of the eyes of the various v mutants in the 
presence of the suppressors the following procedure was used. The sup- 
pressors are localized at position 0.0 on the X chromosome and are therefore 
completely linked with the recessive yellow (y) body color. The v mutants 
are localized at 33 on the X chromosome and thus very closely linked to 
raspberry (vas), another recessive eye color mutant located at 32.8. The 
eye colors of v, ras and ras v are all easily separable phenotypically. Stocks 
of the genotypes su’-s, ras*v' and su’-v, ras*v' were constituted. These 
carry the y* allele of y. Since v' is suppressed by both suppressors, the 
aforementioned flies are ras vt and y* in phenotype, and thus ras serves to 
mark the presence of v', and y* the presence of the suppressor. Stocks of 
the various v mutants marked with the mutant y and lacking either sup- 
pressor were also made up. By the appropriate crosses, 9 9 of the geno- 
type su’-s, ras*v'/y v were obtained and these were crossed to sibling oo. 
The male progeny were checked. Single crossovers between su?-s and ras? 


TABLE 1 
PHENOTYPES OF v ALLELES IN TESTS WITH SUPPRESSOR MUTANTS AND IN GYNANDRO 
MORPHS 
EVE PHENOTYPE 
HOMOZYGOUS v WITH 
HOMOZYGOUS HOMOZYGOUS 


v ALLELE sut-s Sud -v IN GYNANDORMORPHS 


Wild-type Wild-type Non-autonomous 


Wild-type Wild-type . ep 
ps6! ’ v Non-autonomous 


pts? 


pit ’ Non-autonomous 
P ° 

pol? , ’ Non-autonomous 

yout Non-autonomous 


result in oo" of the genotype y ras*v' and su?-s, v. Since crossovers be- 
tween ras’ and v' are relatively rare, and may be disregarded, all 7c 
phenotypically ytras*+ must be genotypically su’-s, v, and examination 
of these oo" permits the determination of whether the suppressor sup- 
presses the v mutant being tested. Since crossing over between su?-s 
and ras* is high, ca. 30%, these oo are abundant. Following recovery 
of su*-s, v oo, stocks were constituted in which 2 ? homozygous su?-s, 
v were obtained. Identical tests were made using su’-v, ras*v'. 

The results of these tests are listed in table 1. It will be noted that the 
v mutants fall into two classes: those that are suppressed (collectively 
designated as v*) in which the v phenotype is modified to wild-type in the 
presence of either suppressor mutant, and those that are unsuppressed 
(collectively designated as v“) in which the v phenotype is unaltered in the 
presence of either suppressor mutant. The phenotypic separation of the 
v mutants in the presence of the suppressors is unequivocal. Phenotypes 





GENETICS: M. M. GREEN Proc. N. A. S. 


of the 9 9 agreed without exception with that of the oo for each v 
mutant tested. Among the v“ mutants are those of both spontaneous and 
x-ray origin. These results allow certain assumptions to be made regarding 
the nature of the action of v mutants. It may be assumed that in the v’ 
mutants, the presence of the suppressor allows the conversion of trypto- 
phane to kynurenine to take place. Once this metabolic block is released, 
brown pigment synthesis proceeds. Conversely, it may be assumed that 
in the case of the v“ mutants the suppressor is ineffective in promoting 
the conversion of tryptophane to kynurenine. There is evidence from 
Neurospora that suppressor mutants release specific biochemical blocks.” 

Proceeding from these assumptions, it is necessary to provide an explana- 
tion for the failure of the suppressor to act in the presence of the v“ mutants. 
One hypothesis which suggests itself is that the v‘ mutants lead to a com- 
plete inactivation of the brown pigment synthesis system. In such a 
scheme the suppressors might foster the conversion of tryptophane to 
kynurenine but v“ individuals cannot utilize the kynurenine or any other 
component of the brown eye pigment mechanism. Since it is known that 
v' eyes develop non-autonomously in gynandromorphs?® the hypothesis can 
be tested by observing the behavior of v‘ mutants in gynandromorphs. 
If the total inactivation mechanism operates then it would be predicted 
that v” mutants would be autonomous. Gynandromorphs involving v” 
mutants were obtained from the following cross: 9 y sn’ vw X ot XxX? 
(ring X chromosome carrying ytsntv*). The use of the X°*? chromosome 
apparently increases the occurrence of gynandromorphs.'' F, progeny 
were examined and numerous gynandromorphs were obtained. Study of 
the gynandromorphs showed that the genotypically v eye was modified 
phenotypically to wild type. Thus the v“ mutants behave non-autono- 
mously. These observations eliminate the possibility of a total inactivation 
mechanism being involved. 

An alternative hypothesis stems from more recent information on the 
mechanism of the conversion of tryptophane to kynurenine. By a most 
elegant series of experiments, it was demonstrated that in rat liver the 
step-wise conversion of tryptophane to kynurenine involves two inter- 
mediate compounds of which only the second, formylkynurenine, has been 
identified.'* '* These findings suggest that perhaps the difference between 
v’ and v“ mutants rests in their effect on different steps in the conversion of 
tryptophane to kynurenine. ‘Thus v° mutants might block the conversion 
of tryptophane to formylkynurenine and v“ mutants might block the 
conversion of formylkynurenine to kynurenine. Accordingly the suppres- 
sors, Which might be assumed to act in releasing only a specific biochemical 
block, would foster the conversion of tryptophane to formylkynurenine 


and thereby suppress v* mutants but could not suppress v“ mutants which 


are blocked biochemically at a different step. 
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To test this hypothesis experiments were conducted in which formyl- 
kynurenine and kynurenine were fed to v and v mutants. Three v mu- 
tants, v', v* and vw’ were used. All three mutants were combined with the 
recessive, autosomal eye color mutant brown (dw) such that all v; bw homo- 
zygotes had eyes essentially white in appearance. Ten larvae of each 
genotype of the age 72-96 hrs. after oviposition were added to 2 ml. of 
regular corn meal-molasses-agar medium supplemented with either | mg. 
/-kynurenine sulfate or | mg. formyl-d/-kynurenine. Larvae grown on 
unsupplemented medium served as controls. In addition, control and test 
media were supplemented with 50 yg. of streptomycin in order to eliminate 
the possibility of bacterial conversion of tryptophane to kynurenine. 
Tests were run in duplicate at 22-24°C. The results are tabulated in table 
2. It is evident that both formylkynurenine and kynurenine act as pre- 
cursors for brown pigment in Drosophila. No difference was noted in the 
level of brown pigment formed by flies fed either compound, nor was any 


rABLE 2 
EFFECT OF FEEDING KYNURENINE AND FORMYLKYNURENINE ON THE EYE COoLor OF v 
Mutants, D. melanogaster AND v AND cd Mutants, D. virilis (See TEXT FOR DETAILS OF 
MeTHop) 


PHENOTYPE 
GENOTYPE CONTROL KYNURENINI FORMYLKYNURENINI 


v! bw 04 + + + 4 
vbw 0 t+ t+ 
vl" bw rt aaa 
yt es + 4 
cd;es + + 
* Estimate of amount of brown eye pigment formed where 0 represents no pigment 
and +++-+ represents the apparent pigmentation of homozygous bw. 


difference noted among the three v mutants tested. If the v' and v“ mu 
tants act by blocking tryptophane metabolism, then the blocks must come 
prior to the formation of formylkynurenine. It has been shown previously 
that the v' mutant accumulates tryptophane.'' Since it has been demon- 


strated that there is an unknown intermediate compound formed between 


tryptophane and formylkynurenine,'® '* it might be postulated that a’ 
mutants block tryptophane metabolism between tryptophane and the inter- 
mediate and v mutants block between the intermediate compound and 
formylkynurenine. It would then follow that the suppressor mutants 
release the block between tryptophane and the intermediate compound. 
The precise chemical nature of the intermediate compound is not clear, 
although there is strong evidence that it is not alpha oxytryptophane."® 
Consequently the obvious tests cannot be performed. 

An additional hypothesis to explain the action of the suppressor might 
postulate that the suppressor directs the metabolism of tryptophane along 
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a route not involving the formation of formylkynurenine. Such a hypoth- 
esis would presume further that the alternate pathway occurs only in 
v' mutants. Evidence to date has not elucidated an alternative pathway,” 
and such a hypothesis appears unlikely. 

The observation that formylkynurenine acts as a precursor for both v' 
and v“ suggested that similar tests be made on two mutants in D. virilis, 
vermilion (v), sex-linked and recessive and cardinal (cd), autosomal and 
recessive. It has been reported that both mutants are non-autonomous 
when transplanted to wild-type hosts and when larvae of both are fed 
kynurenine.'© Tests were performed in the manner noted above using the 
allele, v’ and cd. Both v4 and cd were first made homozygous for the 
recessive eye color mutant eosinoid (es), the homologue of bw of D. melano- 
gaster. ‘The results as listed in table 2 demonstrate that formylkynurenine 
acts as a precursor to brown pigment in D. virilts and that the block in 
pigment synthesis in both mutants occurs prior to the formation of formyl- 
kynurenine. No difference was ol served in the level of brown pigment 
formed by flies fed either compound nor was any difference observed be- 


tween the two mutants studied. 

The results reported demonstrate that in D. viri/is formylkynurenine 
functions as a precursor for two separate mutants, uv’ and cd, while in D. 
melanogaster for only v mutants. There is evidence strongly indicating 
homology between the v mutants of the two species” but thus far no 


homolog of cd has been uncovered in ). melanogaster. It is tempting to 
postulate that the v mutants in D. melanogaster are not truly allelic, but 
rather the v and v“ mutants represent a case of close linkage (pseudoallel- 
ism) much like that reported for the mutants Star and asteroid'* and the 
lozenge mutants" in D. melanogaster. It would follow from such a postu- 
late that one class of v mutants (perhaps v“) of D. melanogaster is homol- 
ogous to v of D. virtlis, while the other (perhaps v') is homologous to cd of 
D. virilis. This explanation can remain for the present only as a postulate. 
The validity of a linkage hypothesis can be established only by demon- 
strating crossing over between v' and v“ mutants. Experiments to test 
the possibility of close linkage are now in progress. 

Summary.—(1) The use of suppressor mutants makes possible the 
classification of v mutants in D. melanogaster into two types: suppressed 
and unsuppressed. (2) Formylkynurenine is utilized as a precursor for 
brown eye pigment in Drosophila. (3) The mutants investigated, v in D. 
melanogaster and v and cd in D. virtlis appear to be blocked biochemically 
between tryptophane and formylkynurenine. 

Acknowledgment.—The author desires to express his thanks to Dr. C. 
Yanofsky and Dr. S. Lepkovsky for the kynurenine and to Dr. C. E. 
Dalgliesh for the formylkynurenine used in the experiments reported here. 
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THE PARACOMPACTNESS OF THE WEAK SIMPLICIAL 
COMPLEX 
By D. G. BouRGIN 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 
Communicated by W. H. Rodebush, January 25, 1952 


The main purpose of this paper is to prove that a simplicial complex 


taken in the weak topology,' is a paracompact 7» space.? Apart from this 


result, the method involves some new considerations which are expected 
to prove of wide application. 

We assume throughout that A = UA", where A” is the n dimensional 
skeleton. If l’ and V are collections of open sets we define the concept: 
"is a partial refinement of L’, by requiring every element of V’ to be con 
tained in some element of Ll’. We write St(s, l’) for Star (s, UW). The 
symbol / or /, (where a may be any script) imvariably denotes the unit 
interval. We use both 4 and —A to denote complements so B — A = 
BO 4. The topology giving the smaller open sets is the finer topology. 
In the weak (or w) topology for a simplicial complex A, open sets are those 
with relatively open intersections with each closed (Euclidean) simplex of 
K. 

Denote the generic vertex of A by a and the totality by A. We use x 
in the dual sense of a finite subset of A constituting the vertex set of the open 
simplex o(m) of A, and for the barycenter of this simplex. The context will 
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make clear which sense is intended. We write | m| for the number of points 
in w and in the sequel 4, = 7. Let A; be the collection of vertices, m;, of 
the barycentric derived complex A,. The vertex set of a simplex of A is 
denoted by y and the simplex by /(y). We write E(y) € o(m) if’ ey => 
nr’ Cw. ‘The closed simplexes are o(m) and (vy). We order the simplexes 
}o(m)} by inclusion on w. Thus o(9) < a(n’) <=> © x’. Similarly 
E(y) < E(y’) <= y¢ 7’. 

1. The Barycentric Topology..-We shall consider A imbedded in the 
Cartesian product 


Il = I,/,. (1) 


This imbedding is a 1-1 correspondence between the points of A and those 
of a subset of I]. The points of II are functions on A to J and are denoted 
by sor s(a|A). The values of {s(a){ for s ¢ K are the barycentric coordi- 
nates with respect to A. Hence if s € o(m) then s(a|a é@m) = 0 so s(a\m) 
may be construed as barycentric coordinates with respect to 7. Similarly 


we 1mbed A, in 
ill Pe ae (1.1) 


with the generic points / = ((7| Ay). Henceforth we understand by A and 
A, the corresponding complexes imbedded in II and ,II, respectively. 
Define the 1-1 mapping 7 of A, onto A as follows: let fo be a point in 
the subcomplex A, ¢ A, consisting of the barycentric derived of o(7). 
Then f is in a unique /(y) where | y| <|m). Let i(to) = so, where so(a) = 
» ,to(m;)/j with &o(m,) = O for m @ y and so(aja er) = 0. 
Topologize ,II by defining the neighborhood base W(to) = {W<(to) | 


W (to) = IL, N(n, to), (1.2) 


where N(x, f)) = N(x, to(r)) or merely N(m), is an open interval in /,. 
We topologize K by assigning the base, U/(sy) = {U/(s0)}, 


Us») = 1(\W (to) n K,) or iW (ty), (1.3) 


understanding 7 is defined only on K,. This topology is referred to as the 
barycentric topology. 

Suppose o(7) eA. Replace A, by x to get ,II,. A, is the inclusion map 
of ,IL, — Il defined by putting in 0 values for the coordinates in A; — 
wv. Then 

ia "(a(r)) © Wto)) = tr, TL, NC’, to). 
This is denoted by 7,11, N(’, t)) and will be referred to as a (a(m)) sec- 
tion neighborhood. If some point of W(t)) % A, has a non-zero x’ coor- 
dinate, we term 7’ an essential vertex and N(m’) an essential (coordinate) 


neighborhood. 
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Let so = it). Let o(so) and /(t)) be the unique simplexes in A and A, 
which contain sy and fy. Let y(t) be the vertex set of (ty). 


Q = St(o(so), A), 
O; = StL (to), K). (1.4) 


If ty is not a vertex of K, let W(fo) be restricted by the requirement that for 


wr’ €y(to), N(m’, to) © fylO< blr’) —e<y<t(r’) te< 1}. Iftisa 


vertex, say m’, then require that V(r’) = jy O<a<y <1}. Forney 


5,’ < 1}. If W(t) is restricted as de- 
scribed we refer to both W(t) and U(s9) = 7W(to) as special neighborhoods 
where fy may be replaced by any point ¢ « W(fy) % A, and so by a(t). The 
utility of the special neighborhoods stems from their being entirely con 
tained in Q or Q;, respectively, and having all their non-vacuous sections 
connected. A special section neighborhood is a section of a special neigh- 
borhood. 

2. Equivalences.The following result, independently significant, is 
the basis for our demonstration of Theorem 3. 

THEOREM |. The weak and the barycentric topologies are equivalent. 

Suppose G is open in the w topology. Let sy «eG. Order the special 
neighborhoods }U(s»)} by U'(s9) < Uso) if and only if Uso) a alr) € 
G 9 g(x) for a(x) € O implies N'(r’, th) = N(x’, to) for all subsets wr’ of 
w. Accordingly U*(sy) % o(r) = Uso) 9 of). If U'(s9) < U2(so) and 
U2(so) < U'(so) we say U'(sy) and U*(sy) are equivalent. Let }U?(s»){ be 
linearly ordered. Let 55 = {o(m)! o() €Q,Ue(s) mn a(x) CGA o(x)} 
for some p. Let A be the collection of all vertices in the barycentric sub 
division of the simplexes of 5°. Let x’ be such a vertex. Then a(x’) is 
an element of 5° and accordingly N’(x’, &) is the same for all p > py = 
p(w’) and may be designated by N(x’, fo). Let W(to) = Uy Nir’, to) X 
IN’ (9’, to) where N’(r’, fo) is arbitrary subject to the restriction on special 
neighborhoods. Thus U(s)) = iW(f) is an upper bound for } U?(s»){. 
Accordingly Zorn’s lemma is applicable to assure the existence of a maximal 


special neighborhood, U,,(s»), according to our italicized ordering conven- 


tion. 

Suppose U,(so) A a(x) is not contained in G  g(q) for say r = r*, 
where o(r*) € Q, and hence for all r > x*. We may as well assume 
Umn(se) N a(n’) © GA G(x’), if r’ satisfies o(s)) << o(@’) < o(r*) (for other 
wise we can replace r* by one of its subsets and so attain the desired situa 
tion by a finite number of reductions). Let I’ indicate the collection of 
vertices in A,*. Since we are dealing with special neighborhoods, N(x’, 
fy) may be replaced by 0 for x’ @ VT without affecting U,,,(s9) m o(@*). We 
assert we can redefine N(1*, fy) as N’(r*, ty) = { vi <x < ef by taking ¢ 
small enough so that: 





MATHEMATICS: D. G. BOURGIN Proc. N. A.S 


a(x*) NM i(N'(x*, to) K WFO, K Wyp_,+N(9’, to)) ¢ G* A o(e*). (1.5) 
1 


Indeed for N(x*, ty) replaced by 0 we are reduced to the situation on the 
faces of o(*) which contain o(s9) and by hypothesis the inclusion holds 
here. Since g(*) is a Euclidean simplex and G 9 9(x*) is closed, the dis- 
tance from ipllpN(2’, to) N o(4*) to G A g(x*) is positive. Hence an ob- 
vious compactness argument shows ¢ may be so chosen that (1.5) is satis- 
fied. Evidently modifying N(r*) does not affect U,,(s9) A o(m) for any 
rnon > r*, Accordingly the modified U,,(s»), denoted by U,,’(s»), satisfies 
U,, (50) < U,,’(s9) though U,,,(s9) and U,,’(s)) are not equivalent. However, 
the existence of such a neighborhood U,,,’(so) is in contradiction with the 
maximality of U,,(so). In short, U,,(so) a o(@) © G  o(m) for all o() in 
YQ. Thus every weak neighborhood contains a barycentric neighborhood. 

On the other hand, it is plain that every barycentric neighborhood is a 
weak neighborhood for the section neighborhoods are open in a(7). 

3. Fineness of Topologies. ‘The natural topology® for A is given by the 
metric d(5so, 51) = (32 (so(a) — s,(a))?)'* where, evidently, only a finite 
number of terms in the sum are non-zero. 

THEOREM 2. The weak topology for K is finer than the natural topology. 

Evidently the weak topology is finer than that defined by the neighbor- 
hood basis with elements 


U(s0) = Il, .V(a, So) n Kk. (3) 


Let G(so) be the sphere of radius 6 about s) in the metric topology. Sup- 
pose sy € a(%). Choose N(a; so) = {s(a)||s(a) — so(a)| < 6°/3)m) } for 
aenm. Any U(s9) so restricted lies inside G(s). Indeed for s € L’(sy) one 


infers from S>,so(a) = 1 = Yos(a) and SO(s(a))? < S3s(a) that 
(d(s, 5o))? < 25°, | s(a) — sy(a)| < 6’. 


Remark: ‘The topology for A defined by (3) may be termed the ‘‘convex”’ 
topology. It is intermediate in fineness with the natural and the weak 
topologies, but is mot equivalent to either in general. 

4. The Main Result. We present our key theorem. 

THEOREM 3. A simplicial complex with the weak topology is paracom- 
pact. 

It is necessary to show that every open cover L’ of the simplicial complex 
K has an open A refinement.‘ In view of Theorem | we can understand 
U to be given by (1.3) and indeed to be a special neighborhood of some 
point s. Throughout the proof, & will invariably be an ordering script tak- 
ing on the values 0, 1, 2 and 3. 

As a first step in an induction argument choose special neighborhoods 


\*V(a){ for each vertex a = im to satisfy 


ac 3 Vi(9y) Cc *P (m1) ¢ c "Vi (mr) Cc U (4) 
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for some U ¢ lL’. Since these are special neighborhoods it is plain that 
"Vilry) 9 Vila’) = @ for m # 2’. The existence of 1 V(r) | is easily 
established. Fix a vertex, @ = im, corresponding to sy) = i(fo) with U(s9) 
a special neighborhood given by (1.3). Thus for r # m, N(x, to) = }t(r)| 0 
< t(r) < 1 — 6, < 1} while, fora = m, N(m,t) = } t(ar1) 0 < 6,, < t(m) < 
\{. Define *N(x, &) by replacing 6, by 6,(1 + “p,) subject to (1 — 6,)/4, 
> %p(r) > >"p(r) > 0. The neighborhoods ‘V\(a4,) = 114 N(n, to) satisfy 
(4). We write 


*V(m) Vim), V(r) = +? Vi(m1), 'Vy(a) - Pi(m)}, 
P (9) = 1? Pi(m), iP, (ms) — 8Vi(m) f (4.1) 


It is trivial that ‘I’(a1), (a), P(r) constitute partial A refinements of LU’. 

We develop the induction argument. Let r = 7, = fa,\i = 1, n}. 
Let z,, 7,’ be subsets containing r elements of 7, 1 <7, <n — 1. We shall 
often write “V,(,) for *Vj,,) (7,) and '*Vj(r,) for 'Vj(4,) — * P(x,). Thus 
187 (xr,) = '!Pi(x,) — 3V;(x,). 

Assume there are covers V(r, —,) and P(x, —,) of o(m, —;) for each x, ¢ 
x which are partial A refinements of Ll’ with the members of P(x,,_,) the 
closures of those of the open cover I(r, —,), where forr = 1, ...,” — 1, 


Vir) = U,, es, Vir,-1) vu UWVj(r,) vB Vr,), 


where j = j(x,) takes on the values | through M(x,) comprising the set 
M(m,) and M(m) = 1, and ‘V;(z,) is a special neighborhood. We assume 
also 

oo ta 


*V (w,) © *Vi(a,) © "V (r,) (4.3) 


*V(m,41) = U, 


» Sra, / (rr) ¥ Use ste, g pt Vile 4) (4.4) 
is a partial A refinement of LU’ which covers o(z,4,) foreachr = 1, n —2. 
Observe, that if m, # 2,’ then the sets }°P)(m,)\ 1 © M(x,){ are disjunct from 
‘ the sets {°Vj(m,')\j € M(m,')| since these are special neighborhoods. ‘This 
property is designated by S. The assumptions in this paragraph constitute 
the induction assumptions. The guiding idea in the ensuing construction 
of P(x) is to ensure that for every s there is an Ss, € a(m) for which St(s, 
P(r)) © St(s,, Pir)) ¢ U. 

Let 7(m) be the set }/(2,,)/ L(,,) € Miry,), tm © mm = 4, n — 1} and 
let Lim) = o(r) — Uy.,,'Vilr,,). Consider the cover of L(1) by LU’ = UA- 
U.6:?Vi(rm). Replace 1’ by lL” a refinement whose elements are special 
neighborhoods. ‘The compactness of (7) implies there is a finite subcover 
by {U%(@)}. Write U7 (9) 9 a(n) = P(r). Let we = ulmi = 1, 
n—1},p = \p(x,)|i = 1, n—1{ where u(mr,) U plx,) = M(n,). Define 
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Sg Ni. plar,? j Hn "I j(t,) n Us. nlem) m= \ n 1! Pan) (4.5) 


where p = 0 indicates the null set. Some sets, Z,”", may be empty. Let 
x = (j, p, uw) = (F(x), p(x), u(x)). Define 


P(x) = P(r) 9 Z* (4.6) 


Designate }P,(r)| by P(r) a cover of L(r). The union of P(r) sets for 
fixed jis P(r), Since UP, is a subset of a Euclidean n — 1 dimensional 
space, there is a * (star) refinement,* Q(r), of P(r) with elements special 
section neighborhoods. Furthermore we may require that the closure of 
the elements in Q(m) is still a * refinement of P(r). We need only a finite 
number of sets in Q(r) to cover L(r). Denote them by [(r) = {H(x)}. 
Thus //,() is the section neighborhood //,(7) = 1,11,N(r'). We assume 
furthermore that the essential neighborhoods defining I1,(r) are minimal in the 
sense that if //,(7) 1s also 7,11, N’(9’) then N(3r’) ¢ N’(x’). 

We assert we can replace //() by minimal special section neighborhoods, 
‘II (3) l*7(r)}, satisfying the condition that *J/,(r) cover L(m) and 


V(r) ¢ (x) ¢ c "ll (mr) ¢ Him); (a) 
(mr) OV i(r,) = 6 —-> *Vilr) 9 1V,(4,) = 6; (b) 
(nr) 9 'V,(4,) # ob > *Pir) 9 'Vi(r,) ¥ oO; (c) 
Hr) 9 87 (r,) 4 o > 8Vilr) 9 BP (e,) # o. (d) 


we write (4.7e) and (4.7f) when the bars are dropped in (4.7¢) and (4.7d). 

Thus we obtain “//,(7r) by replacing N(r’) in the definition of /7,() by 
‘o(m’) N(r’) where the symbolism denotes a shrinkage of N(’), defined by 
replacing 6; by 6; (1 + p), 7 = 1, 2, for the lower, 6,, and upper, 1 — 6:, 
end points of the neighborhood N(r’). (Observe 6; = O is preserved.) 


Here 


“ os > 39(9’) > > “o(r’) > 0. (4.8) 

The demonstration that ‘p(r’) exists to validate (4.7b) is simple but typical 
for later situations and is therefore labeled Argument A. Thus the negation 
of (4.7b) implies there is a boundary point ry = | ro(4,)\ 4, © wr} of IN 
(3,;) & N’(m,) 9 K,, where N(x,) and N’(x,) indicate the neighborhoods in 
‘H(m) and 'V’,,(2,), respectively, for fixed /, k and m. Hence 7o(x,) is a 
boundary point of NM(r,) X N’(r,). For x; © let N(m,) = }r(m,)\a; < 
r(m;) <b;{ and N’(m,;) = } r(m,)| Ay < 1(9,) < B,}, where < can be replaced 
by < if the lower bound is 0 or the upper bound is |. Accordingly ro(7;) 
is one of the values a;, b;, Aj, B;. Suppose for all 7, ro(a,) is neither a; nor 
b;. 
Hr). Hence every neighborhood of 7,7) contains points of 'V’,,(a,) and 


Then 7,7) is a boundary point of 'V’,,(a,) % o(m). Moreover 1,70 € 


so Hr) 9 'TV’,,(4,) # @ contrary to our assumption. Accordingly the set, 


























VoL. 38, 1952 MATHEMATICS: D. G. BOURGIN 3il 


a, of t’s for which 7(4;) = a; or 6; 1s not empty. For 7 ¢ a the minimality 
hypothesis guarantees that any change in “p'(x,) effects changes in */1,(1) 
that eliminate 7) as a common boundary point for “//,;(7) and 'V(m,) and 
changes in at most || “p'(x,)’s eliminate all common boundary points. 


“* - . ~ oa l 
Since there are only a finite number of 'I’,,(2,) sets, “p' (4,;) need merely stay 


away from a finite number of values. 

In view of (4.7b) the closures may be dropped in (4.7¢) and (4.7d) and 
(4.7e) (4.7f) follow easily now for *p'(x) sufficiently small. 

Define the collections 


‘C(r) = | V(n,), “Mnf, 
Dir) = }"P(x,) 9 a(n), V(r), (4.9) 


where r = 1, ... m — | and/ as usual stands for /(,). Refer to St(s, 
D(r)) = Wy, Ub € B, . \{ as the intersection set { 8, \| where W, is one 
of the elements 'P)(r,) % o(r). Here either 8 or X may be the empty set. 
Write W, = I,N'(r’), V(r’) = NeV'(x’). Also Mr) = i,11,N,(#") 
and NY(r’) = f\,Ni(r’). Write N* 9’) = N%(r’) © N(x’). We say 
(8, | admits °IT,, (a) if for alla’ ¢ 2, N"(r’) © N® *(Cr') # ob yet °H,, (9) 0 
[8,A] = ¢ 

Let \/(8, \, m) be the supremum of S°,(2; 0; « NC’) © N® *(r’)). 
If M(B, \, m) = 1 we can replace °//,,(7) by a slightly smaller minimal 
neighborhood /7/,,'(), so that (3, A, m) is now inferior to 1, such that all 
intersection relations are unaffected by replacing /7/,,(a) by /7,,'(r). In par- 
ticular the intersection sets remain intersection sets with this replacement. 
We can require moreover that °C(m) remain a cover and (4.7) be maintained. 
The demonstration pivots on Argument A. 

We write °J;(2) for °/7,(a) or for °H,/(r) if this last set has been introduced 
and have therefore °J(r). Evidently replacing °/7,(%) by °/;() in an inter- 
section set cannot increase (8, A, m) so use of °/() in place of agiise guar- 
antees the constants 7(8, A, m) are all less than | and [8, °.|, except for 
possible ?V(m,) sets, is St(s, °C(w)) for some s € (x). 

Consider ndw the collection iW, I'{ satisfying (a) f\,yW, = ¢, (0) 
NieN4(r' 3) ¥ gand for some m, °J,,(7) 9 W, # ¢, forallg eT. We say 
°J,,(7) is admitted by the quasi intersection set ||. Let M(m, T) = 
max. >,,n(r’), for all n (9’| 3) eN'(r’) © N8(x’). Then M(m, P) is inferior 
to 1. Let \/(m) be max. (./(, A, m), \/(m, 1')) where comparison is made 
for all intersection and quasi-intersection sets which admit °/,, (7). 

We wish now to replace *J;(a4) by “Vj(r) to get the collection ‘V(a). We 
write °N"(x’ *) for the essential neighborhoods making up °J,,(7). We 

require V(x’), for r’ non ¢ m, to satisfy a first condition 


ON™(@’) © ft(m’)|O0 < te’) < (1 — Mim))37- "FF. (4.10) 


Suppose °J,,(7) is contained in P(r) for all. xin the set Y(m) and for no x 
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outside the set. Then, in view of (4.6), 
1AL,N™(m’) © Axcm)P.(m), 
Pw) © iat" Neve. « ox) Vilr,) © UX” A o(m). (4.11) 
Suppose the constituent neighborhoods of °V,(,) and U’’’" are denoted 
by NM'(r’) and N1)(x’), respectively. Write p(x) = }p(m,,x){, 
N(r’, p(x)) = fh. ota V(r’), 
then 


Pm) © iy Nr’, p(x)) © NU? (R’) 1 R,), 


If p(x,, x) Q for all r, we drop the V(r’, p(xv)) term. We state a second 
condition, 


ON" (me!) © Pee xomN(e’, p(x) © N(R’), e’ non © we (4.12) 


subject to N”(r’) is a neighborhood of 0 in /,,.. For 2’ ¢ a similar in- 
clusion relation holds automatically as a consequence of (4.11). Hence 
we define °V,,(7) with °V,,(4) % a(r) = °J,,() by 


°Vin(w) = i((A,~! Sin (r)) K Ty none eV" (4’)), 


subject to conditions (4.10) and (4.12). Next choose the positive constants 
kom 


p'"(r), k # O, to satisfy the conditions (4.8) and so that (4.7) is satisfied 
and we have 


*Va(w) = (COALS ale) X Ty pone P(e’ )N"(e')). (4.13) 


we remark 
T(r) 9 BP (e,) = o> Vir) 9 BP (4) =o (4.14) 


We state as our Minor Thesis that if 59 € @(4) then St(so, °P(m)) © U. 
Suppose then Sf(s9, °P(r)) = G, u Ge u Gs where G; = }°Pi(r)| A}, G: = 
}'3P,(r,)| be Bf and G; = {?0,(r,)\g 0]. Suppose Ais empty but either 
or both of 6 and [are non-empty. Let R <n — | be the maximum value 
of r for any neighborhood in G, uv G3. Then soe °? (arg) where mp is unique 
by S. This case is settled then by appeal to our induction assumptions. 
Suppose A and @ are non-empty. Then I’ must be empty by (4.6). Let 
R <n — | be the maximum value of 7 for any set in Gy. Recall all mem- 
bers of G; % o(m) must be in acommon P,(7). Since P, intersects 'V,,(ap) 
it must be in °V’,,(ap) according to (4.5) and (4.6). Then (4.11), (4.12) and 
(4.13) guarantee }°Pi(r)|A} © °V,,(ap). Hence sy is covered by °P (rp) 
Hence by the induction assumptions and S we have U > St(so, °P(arp)) = 
St(so, °P(r)). Suppose now A alone is non-empty. Then P,(47) > G, 9 
o(m). Hence by (4.12) and (4.13), UX > St(so, “P(xr)). 
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We now establish °P(x) is a cover of L(r) partially A refining U. If 
St(so, °P(r)) does not contain any sets }°P)(r)| then let R <n — 1 be the 
maximum value of r for which so is in a set °?,,(7,). Then mp is unique, 
since these are special neighborhoods and St(so, °P(r)) = St(so, °P(rp)) 
which is contained in some U by the induction assumption. In the sequel 
denote the sets '*V,(a,) by '*V, and suppose, next, St(so, °P(r)) = Fi u Fs 
where F, = }°Pi(r) A}, and F, = {P| 8} with neither 8 nor Aa null set. 
Let G, and G» be the collections obtained from F; and fF, respectively, by 
intersecting their members with é(7). It is impossible that no member 
of °J(m) intersects every element of G, for by (4.14) this would imply F; 
is vacuous. Moreover G, cannot be a quasi-intersection set admitting 
any "J,(r). Indeed if the admissible °J,(r) is in G, then by (4.10), °P)(m) 
cannot be in F;. If °J,(4) is not in G, then for some 6, °J,(r7) A BP, = @ 
and (4.14) again disposes of this possibility. We have just showed the 
sets of G, have a common point. If °/,,(a) is admitted by an intersection 
set including G, then °P,,(@) cannot be in F, in view of (4.10). Hence we 
have shown G, U Gz is part of an intersection set and so there is a point 
s, in (mr) for which St(s,, °C(r)) 2 G, u Gs. Hence, St(s,, °P(r)) > 
Fi, uo Fo = St(so, °P(r)) and we have only to refer to our Minor Thesis: 
St(s,, °P(r)) © U. 

If Bis the null set, /, and G, are empty. Then G; is part of an intersec- 
tion set, in view of (4.10). Then for some s, we have again St(s,, °C(r) > 
G, and by reason of our Minor Thesis U > St(s,, ° Pir)) ¢ Fy = Sts, 
°P(r)). For instance if s, is not in any '*V,,(x,), G, ¢ P,and U'™ serves 
as our U. 

We have shown then that °?'(x) is a cover of (x) partially A refining LU’. 
Furthermore since | *J,(r){ is a cover of L(r) it follows that both V(r) and 
P(r) are covers of (4) partially A refining U’. 

The open cover of K° partially A refining LU’ is }°V(a)| A}. The choice 


of “V\(r) depends only on the neighborhoods {*V,,(a,)|m, © m} and is in- 
° kup ° , ‘ 
dependent of the sets }“V,,(4,){ for, non ¢ me. Hence our induction has 


1 
whose closure 


actually shown that the existence of an open cover of A” 
partially A refines Ll’ implies the existence of an open cover of AK” whose 
closure partially A refines l’ where the cover for A” is obtained from that 
for K"' by adding some new open sets. Hence the union of all these covers 
for all m is an open cover of A which A refines l’. The theorem is therefore 
established. 
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SOME PROBLEMS INVOLVING PRIMITIVE ROOTS IN A FINITE 
FIELD 


By L. CARLITz 
DEPARTMENT OF MATHEMATICS, DUKE UNIVERSITY 
Communicated by H. 5. Vandiver, February 18, 1952 


Introduction. In this note we state a number of results concerning primi- 
tive roots in a finite field. Detailed proofs will appear elsewhere. It is 
convenient to consider the results under three heads. 

For §1 we require certain notions introduced by Ore®. For y « GF(p””), 
y ~ 0, let 

k 
a(x) = >) ax” (a, e GF(p"), a, # 0), 


Y 0 


be a “linear” polynomial of minimal order k such that a(y) = 0; then y 
k 


is said to belong toa(x). If A = A(x) = ¥> a,x’, then a(x) corresponds to 
0 


A(x). In particular if y belongs to x’"" — x, it is a primitive root (of the 
second kind); an ordinary primitive root may be called one of the first 
kind. It is natural to ask whether there exist numbers that are simultane- 
ously primitive roots of the first and second kind, more generally whether 
there exist numbers belonging simultaneously to preassigned e and a(x), 
where e| p"” 1 and A(x)| x” |. We show that the answer ts aflirma- 
tive provided e deg a(x) and p" are sulliciently large. 

In §2 we extend some theorems of Davenport! on the distribution of 
primitive roots. 

In $3 we consider first the number of solutions §), ..., 8, of 


ayy t ° + Arr, (1) 


where a, # 0 and 6, belongs to the exponent e;. Next we consider the 


number of solutions of 
ay Py t { a, (3, + $é: + + ‘>. (2) 


where a6, # 0, &; arbitrary, k; p” |. Asymptotic results are obtained 
for both problems. However, for the number of solutions in the special 
case 
a 7B + 6, &,? + 7 bo. * (p > 2). (3) 
a simple exact formula is obtained. 
The starting point for most of the theorems of this paper is contained in 
Lemmas | and 2 below; these lemmas are suggested by the well-known 


proof of Vinogradoff’s theorem on the smallest primitive root of a prime 
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(see ref. 4, p. 178). The method of proof for the most part involves manip- 
ulation of character sums; compare in particular Davenport and Hasse?® 
and Hua and Vandiver.’* 

1. Primitive roots of the first and second kind. Let 6, 6°", ..., ge" *" 
be a normal basis of GF(p"") relative to GF(p"). For a eGF(p"") put 


1) 


n(m 1) 


a = a6 + ae" 4 P On—1F” (a, € GF(p")). 


Then we define 
A\(a) = AX,(a@) E(agco + Go. 26 ac), 


, and ©, ¢ Camel 


where E(a) = e°""*"'?, t(a) = a + a” 4 + ae" 
are arbitrary numbers of GF(p"); in particular the function Ap(a@) | cor- 
responds to ¢ 


We next define 


eae 


Qa) = A( a) (|B p" deg B), 
B| Di\A |D\ (DB) 
where AB = x” — | and the inner sum is restricted to the A's such that 
A(h(y)) = Ao, where h(x) corresponds to [/(x) D(x) B(x). 
LemMMA |. Jf @ belongs to a(x), then Q( a) 1; forall other a, Q(a) 0. 
We shall also require the function 


E ceacspeth) ss 
w( a) f bd S x(q), 


d wm 


x 


nm 


where ef = p" 1 and x(q@) denotes a multiplicative character of GF(p""). 

LEMMA 2. Jf a@ belongs to the exponent e, then w(a) 1; forall other a, 
wla) = 0. 

Making use of Lemmas | and 2 we prove 

THEOREM 1. Let N(e, a(x)) denote the number of numbers of GF(p"") 
which simultaneously belong to e and a(x). Then 

>») cd A ) 
N(e, a(x)) te dh + O(p 


pum 
f 


nm 


Here $(e) is the ordinary ¢@-function, while (A) is the corresponding 
function for GF| p”, x}. 
As a particular case of Theorem | we have 


THEOREM 2. Let N’ denote the number of numbers of GF(p"") that are 


simultaneously primitive roots of the first and second kind. Then 


(5*™ i= 1) 
N’ : oP . t O(pr” 


It will now be convenient to use the concrete representation of GF] p", x| 
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P(x) for the GF(p""), where P(x) is an irreducible polynomial ¢ GF[p”, x] 
of degree m. 

THEOREM 3. Put P(x) = x™ + ax"! + ... + Cm G € GF(p"). 
Then a necessary and sufficient condition that 


a(R) = R+R" +... + R*M-) =O (mod P) 
forall R eGF\p", x| of degree < ris furnished by 
pim; c,=Oforl<s<r,pts. 


Using Theorem 3, we next prove 

THEOREM 4. For given p", r > O, there exist infinitely many irreducibles 
P ¢GF{p", x| such that a(R) = R + R®" +... + Re" ~ » = 0 (mod P) 
for all R of degree < r, wherem = deg. P. 

In particular it follows that no polynomial R of degree < R can be a prim- 
itive root of the second kind (mod P). 

THEOREM 5. Let N,(e, a(x)) denote the number of polynomials of degree < 
r which simultaneously belong to e and a(x) (mod P); let N,(a(x)) denote the 
number that belong to a(x). Then 


o(e) 


nm __ 


N,(a(x)) +. on" + oT, 


N,(a, e(x)) = 
p 

Note that we are unable to find an estimate for N,(a(x)). 

2. Davenport! proved that if the prime p is sufficiently large, and 6 is a 
generating element of GF(p") then there exists an integer a such that @ — 
a is a primitive root of the field. On the other hand, he proved that for 
given p there exist fields GF(p") and generating elements @ such that no 
number of the form a@ + 6 is.a primitive root. We shall now extend these 
results, 

THEOREM 6. Let N(e) denote the number of numbers 0 +- a that belong to 
the exponente. Then 


1 
N(e) = ie p + oly’ ain +1) 7 ‘) (p—> @), 


Hy" 

Using a theorem of A. Weil® we prove the more precise 

THEOREM 7. For r > 1, let N,(e) denote the number of numbers a = 
0 + a0 '+ ... + a,, a, €GF(p), that belong to the exponent e. Then 

; pe) ee 
N,(e) = p’ + O(p rs ) (p= a), 
p" ie | 

We have assumed n, r fixed while p— ©. The next theorem is valid for 
all p. 

THEOREM 8. For all p and 1 < r <n, let N,*(e) denote the number of 
numbers 
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a= a + Cia + + Ca; (c¢, e GF(p)) 


that belong to the exponent e, where a, , a, are linearly independent rela- 
tive to GF(p). Then 
. gle) Ve + 
N,*(e) = p’ + O(p" tales F 
p" — l 
In particular if r > '/on and e > p',c > */an — r, then 
; ole) 
N,*(e) ~ p’ (p" > @), 
p” - l 
The next theorem is an extension of (ref. 1, Th. 2). 
THEOREM 9. For fixed p", r > 1, there exist infinitely many irreducible 


polynomials P(x) ¢€ GF|p", x| such that 


A(p"™ — 1)/(p" - 1) = 1 (mod P) (m = deg P). 


In particular no such A is a primitive root (mod P). This theorem may 
be compared with theorem 4 above. 

The final theorem of this section is concerned with integers (mod p). 

THEOREM 10. Lete|p—1,r>1,s >0. Let N(e, r) N(e, r, 8) de- 
note the number of integers t, s << t < s + r, which belong to the exponent e 


(mod p). Then 


( 
N(e, r) = He) r+ O(p 
p—1 


In particular if er > p', ¢ > */s, then 
, ple) 

N(e,r) ~ r (p> @©). 
p—! 


3. In the following theorems a,, 6; are fixed non-zero numbers of 
GF(p") and e;| p" — 1. 
THEOREM 11. The number of solutions 8, i oF 
qQ = ay; By + + a,B,, 
where 8, belongs to the exponent e; is given by 


- A(e;) (e,) atifs 
N,(a) = — + O(p" 
p" — l 


r @ 


” (es) (e,)) 


Ns 


for r > 3 and arbitrary a, 


r ple )p(e2) n('/>o + e) 
Na) = —— FORT) (a # 0), 


hn _— 
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In particular for e, = p" — 1, we have 
THEOREM 11’. The number of solutions of (3.1) in primitive roots is given 
by 
¢’(p” — 1) 


ee 
) 


forr > 3and all aand forr = 2,a # 0. 
beth, ... <2 = 2, k,| p” — 1; let N,, ,(a@) denote the number of solutions 
fy, . a) B,, £1, rr | é, of 


a= apt... + a8, + bt +... + 68" 


where 6, belongs to the exponent e; and é, is arbitrary. We now state 
(compare ref. 3) 
THEOREM 12. Forr > 1,s > 1, ky = O(p"), a < '/2, we have 


i/o + a + €) 


N,, (a) = $(e1) ... o(e,)p"° ~ ? + O(p"® o(er) ... o(e,)). 


The result is valid for all a (except a = Owhenr = s = 1). 
Finally we take r = 1, seven, k; = 2, p > 2 and prove 
THEOREM 13. The number of solutions Nj, (a) of 

a = YB + bb? + 2... + dogbo,? (v6, # 0) 
is determined by 
N,, »,(O) = pre 1) 4. (p™ ae e We), 
and for a # 0 
gle) 
p> — 


where Y(t) = +1 or —1 according as § = (—1)°b: ... 625 is or is not a 
square of GF(p"), and w(a) has the same meaning as in Lemma 2. 

For the case of an odd number of squares the method used in the proof 
of Theorem 13 does not seem to lead to a simple explicit result. 


l, 
| + w(a) ¢ 


Ni ula) = pel — pom”) + p™Y(s) \p Weiss 
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ON ANALYTIC SURFACES WITH TWO INDEPENDENT 
MEROMORPHIC FUNCTIONS 
By WEI-LIANG CHow AND KUNIHIKO KODAIRA 
JouNns Hopkins UNIVERSITY AND INSTITUTE FOR ADVANCED Srupy 


Communicated by Oscar Zariski, January 24, 1952 


Let |’ be a compact complex analytic variety of complex dimension r, 
defined in abstracto without any embedding space.' According to a 
recent result of Chow,’ the field ¥( 1’) of all meromorphic functions on V 
is a finite algebraic function field whose degree of transcendency s is at 
most equaltor. There exists therefore an algebraic variety )’* of dimension 
sin a projective space, uniquely determined up to a birational transforma- 
tion, and a meromorphic transformation © of V onto V’*, such that every 
meromorphic function on V is the image of a meromorphic (and hence 
rational) function on V* under the inverse transformation ®~'. Thus 
the meromorphic transformation ® induces an isomorphism between the 
two fields §(V) and §(’*), so that we can identify the two and set §(V) = 
w(V*) = §. The variety |’* will be called the algebraic equivalent of V. 
Now, we shall say that the analytic variety is a/gebraic (in an extended 
sense), if its algebraic equivalent |’* can be so chosen that the trans- 
formation ® is bi-regular between V and |’*. Since from the abstract 


point of view two bi-regularly equivalent analytic varieties can be con- 


sidered as not essentially distinct, it follows that in this case we can identify 
V with V’*, so that our definition of an algebraic variety is a natural exten- 
sion of the usual one for a variety in a projective space. It is obvious that 
an algebraic variety V of dimension r possesses the maximum possible num- 
ber r of algebraically independent meromorphic functions. The question 
naturally arises whether the converse is also true: /f a compact analytic 
variety has as many algebraically independent meromorphic functions as tts 
dimension, 1s it then necessarily algebraic? So far as we know, this question 
has not yet been decided except for some special cases. It is therefore 
probably not without some interest to present here an answer to this 
question for the case of a compact analytic manifold of complex dimension 
2 with a Kahlerian metric, which we shall call a Kahlerian surface. In the 
following we shall prove: 

THEOREM. Any Kahlerian surface with two algebraically independent 
meromorphic functions ts an algebraic surface without singularities. 

We begin with the observation that the so-called quadratic Cremona 
transformation in algebraic geometry can be applied also to an analytic 
surface V. In fact, it can be described in terms of local coordinates as 
follows: let p be a point on V and (x, x2) be a system of local coordinates 
with the center p. We consider the direct product l’, & S of a neighbor- 
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hood LU, of p and a projective line S and, by means of the homogeneous 
coordinates (f, t;) on S, construct the subvariety 


W, = 1(x1, Xe; to, ti) | byXe — tx) = 0} (1) 


of L, XS. Obviously W, is an analytic surface without singularities and 
contains the projective line p * S which will be denoted by the same 
symbol S: S = p XX S ¢ W,. The mapping 


Py": (X1, X25 toy th) — (x1, X2) 


is a regular mapping of W, onto Ll’, which maps S onto p and W, — S 
bi-regularly onto lL’, — p. Hence, replacing LU’, by W,, we get from Va 
new analytic surface V; = (V — U,) ¥ W, having the following properties: 
There exists a regular mapping P, of V, onto V such that S = P,~\(p) is a 
projective line and that P, is bi-regular between Vi — Sand V — p (P, ts 
a “natural’’ extension of P,’). The inverse mapping Q, = P,~! of P, 
will be called the quadratic transformation with the center p. It is easy 
see that the quadratic transform V, = Q,(\V) of V is determined uniquely 
by p (and V) and is independent of the choice of the local coordinates 
(x), X2) appearing in the above construction. Every meromorphic function 
F = F(x) on V induces a meromorphic function F(P,) on Q,(V). Con- 
versely every meromorphic function F; on Q,(V) induces a meromorphic 
function / on V such that F(P,) = F). In fact, it is obvious that F; 
induces on |’ — pa meromorphic function F such that F(P,) = Fi. To 
prove that F is meromorphic also at p, consider the meromorphic function 
x, "F, in a neighborhood of S, m being the multiplicity of the component 
Sin the divisor of F,. Then, on the curve 5S, x,~”"F, equals a rational func- 
tion R(t) in t = t/t, so that R(x./%m)~'x.>-"F, is constant on S. This 
shows that R(x»./x,)~'x, "F; induces *. holomorphic function //(x;, x2) in 
a neighborhood of p, proving that F = x)"R(x2/x,)/1(x1, x2) is meromorphic 
at p. The mapping F ~ F(P,) gives therefore an isomorphism between 
w(V) and §(Q,(V)). Thus the quadratic transformation Q, does not affect 
the field of all meromorphic functions on V: ®(Q,(V)) = &(V). 

LemMa |. /f V is algebraic, then Q,(V) is also algebraic. 

Proof is well known.* 

LemMA 2. J/f V is a Kahlerian surface, then Q,(V) is also a Kahlertan 


surface. 
Proof: Using the system of local coordinates (x1, x2) with the center p, 
the Kahlerian metric on V’ can be expressed in a neighborhood U, of p as 


ds? = SO (0°K /0x,0%,)dx, dk, 
k=l 


) 


A being a function of class C” defined in l’,. Assuming that LU’, is the 


unit sphere {(x,, X2)) (x1) * + (xe * < 1} and choosing a function ¥(p) of 
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class C” such that 


jl, for OS p< 
10, for p = 


¥(p) 

we construct a new function 
K = K+ eW(jixil? + | xe} ?)-log (jx, 

e being a sufficiently small positive constant, and put 


9 


ds? = p (O°K /Ox 08, )dx,; de,, (for |x| ? vo)" > 0). 
A. 1 

Then, considering (x, X%2) as the coordinates of the point Q,(%), x2) on 

W, = Q,(U,), we infer readily that d3* is a Kahlerian metric in W, — S. 

Putti.: ¢ = t)/to = X2/x1, we get 


ds? = ds? + ej dti*/(1 + [ti 7)’, for 0 « v,|/7 +4 Nol? << '/s, 


while «| dt|?/(1 + |¢)*)?is a Kahlerian metric on S; thus, for 0 < |.x;/ 2% + 
xy? < '/y, dS* coincides with the ‘natural’ metric in the Cartesian 
product U’, X S. This shows that d3* can be extended to a Kahlerian 


metric in the whole of W,. On the other hand, d3* coincides with ds? for 

xi? + x2? = 2/5. Hence d3? can be extended to a Kahlerian metric in 
the whole of Q,(1') simply by setting d3* ds* in Q,(V) — W,. Thus 
Q,(V) is a Kahlerian surface. 

LemMMA 3. /f Q,(V) ts an algebraic surface, then V ts also an algebraic 
surface. 

Proof: It is sufficient to show that S = Q,(p) is an exceptional curve of 
the first kind.‘ In fact, if this is the case, there exists a regular mapping 
P* of Q,(V) onto an algebraic surface |* without singularities such that 
P*(S) is a point p* on V* and that P* is bi-regular between Q,(V) — S 
and V’* — p*. Then P*Q, isa bi-regular mapping of | — ponto V’* — p* 
and therefore it must be a bi-regular mapping of |’ onto |’*. Hence V 
is algebraic. 

Now, in order to prove that S QV,(p) is an exceptional curve of the 
first kind, it is sufficient to show that the intersection number /(.S, S) equals 
—1.5 Let (x, x2) be the local coordinates on V with the center p. Then 
xy can be considered as a holomorphic function defined in the neighborhood 
W, of S = Q,(p) whose divisor (x2) consists of S and a curve C such that 
I(S, C) = 1. Now, choose a meromorphic function F on Q,(V) having 
Sasa polar curve of multiplicity | and put D (F) + S, (F) being the 
divisor of F. Then, since x.F induces a meromorphic function on S with 
the divisor (x.F) DS + CS, we have 


I(D, S) + 1(C, S) degree of (xf) 
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and therefore 
I(S, S) = I(D, 8S) = —1(C, 8) = -1, 


q. e. d. 

Now, let |’ be an arbitrary Kahlerian surface such that its algebraic 
equivalent |’* has the dimension 2; as was mentioned above, we may 
assume that V and l’* have the same meromorphic functions field § = 
(VV) = HCV"). Let (Xo, Xi, , X,) be the homogeneous coordinates 
of a generic point XY of V*. Then, by means of meromorphic functions 
F(x) = X,/Xo of a “variable” point x on V, the meromorphic mapping 
’ of V onto V’* can be represented as 


®: x —> O(x) = (1, F(x), ..., F,(x)). 


Denote by C, the inverse image &~'(C,*) of the hyperplane section C,* 
of V* cut out by any hyperplane AyXo + AX) + ... + A,X, = 0. Then 
the set |C,) of all such curves C, constitutes a linear system on V having 
no fixed component and the meromorphic mapping x — (x) is regular 
except for a finite number of base points of this linear system |C,). By 
the multiplicity of a base point p of | C,| we shall mean the integer 


m(p) = min. /,(C,, C,), 


A, 


where /,(C,, C,) denotes the intersection multiplicity of C, and C, at p. 
Obviously m(p) is always not smaller than 1 (or m(p) equals zero if and 
only if p is not a base point). Now we shall show that these base points 
can be eliminated by means of quadratic transformations (if any base 
point ever exists). Take a base point p of | Cy! and construct the quadratic 
transform V’’ = Q,(V). The mapping © induces a mapping ®’: (x’) > 
&'(x’) = &Q, '(x’) of V’ onto V* which corresponds to the linear system 
'C,’| of curves C,’ = Q,(C,) on V’. This new system | C,’| might have 
a base point p’ on S = Q,(p), but the multiplicity m(p’) of p’ is strictly 
smaller than m(p), since we have 


IAC," C,’) = 1,(C,, C,) — my-m,,° 
DP “ P “ A “ 


m, and m, being the multiplicities of the curves C, and C, at p, respectively. 
This shows clearly that, by applying a finite number of suitable quadratic 
transformations Q,, Q,., ... to V successively, we get an analytic surface 


VY = QyQp'Qp(V) (2) 


such that the mapping 6 = 6Q,~'Q,,-'Q,--'... of P onto its algebraic 
equivalent V* is a regular mapping. By virtue of Lemma 2, V’ is also a 


Kahlerian surface. 
The inverse mapping & ~' has possibly a finite number of fundamental 
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points and branch curves and, except for these ‘‘singular’’ points, @~! is 
locally bi-regular. Hence, for any point p* on |’* which is not “singular” 
with respect to ®~', the set ~'(p*) consists of a finite number d of points 
on V (the number d is independent of p*). Now we shall show that d = 1. 


‘ 


Let /,* be the section of V* cut out by a “general’’ hypersurface of order 
h containing no fundamental point of @~' and put E, = &-'(£,*). Then, 
since I|* is the algebraic equivalent of 1’, the complete linear systems 
E,| on V and | E,*| on V* have the same dimension: dim! ,| = dim 
k,*|. For sufficiently large # the system | /,*) is regular and therefore 
it follows from Rremann-Roch's theorem’ that 


dim | c,*| = I ol (E,*, E.*) — ! el (K*. E*) + | ae 


where A* is the canonical divisor on |’* and p,* is the arithmetic genus of 
V’*, while, using Riemann-Roch's theorem on Kahlerian surfaces proved 


recently by Kodaira,® we get 
dim EK, = ' ol (Ep, E,) —! l(k, Ey) ie Pa 1, 


where A is the canonical divisor on V’, p, is the arithmetic genus of 
and 1 = dim |K — E,|} + 1. Putting » = /(F,*, E,*), k* = 1(K*, FE), 
k = I(K, F)), we get 


dim | F,*| = '/av-h? — '/ok*-h + p,* 
and, since /(£,, E,) = d-I(E,*, E,*), 
dim | E,| = '/od-v-h? — '/ok-h + Pa — dim | K| — 1. 


Combined with dim | /,*| = dim | F,!, the above two formulae show 
clearly that d must be equal to 1. It follows from d = | that &~! has no 
branch curve; thus ®~! is regular and single-valued except for a finite 
number of fundamental points. © is therefore bi-regular on V except for 
a finite number of fundamental curves. 

Now we shall show that these fundamental curves can be eliminated 
by applying quadratic transformations to |’*. Let p* be a fundamental 
point on |’*. Then L = #°'(p*) is a (possibly reducible) fundamental 
curve on V. Let L = 1, + Lo + ... + L, be the decomposition of L 
into a sum of irreducible components L,;. Now, let F;, 2 be two mero- 
morphic functions in § = §(V) = §(V*) such that (F;, F2) constitutes 
a system of local coordinates on |’* with the center p*. Then the curves 
B, of zeros of the meromorphic functions A; FP; + A‘ on Y constitute a 
linear pencil |B,) on V. Apparently the part of the fixed component 
B, of | By) lying on L is written as B, = S°k,L, so that we get 


B, = Dik)L, + Bu. 


The same argument as in the case of fundamental curves on algebraic 
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surfaces® shows that the curve B,; meets with one irreducible component, 


say 1), of L in one “variable” point with intersection multiplicity 1 (1.e., 
I(By,, 14) = 1) but does not meet other components Le, Ly, . of L. 


This implies that, at each point p on L, the ratio /,/ Ff, can be expressed as 


F,/ Fy = Hyy/Hy 


by means of two holomorphic functions //;,, [/., in a neighborhood of p 
not vanishing simultaneously and that //,,///,, is a meromorphic function 
on Ly, whose value d I1»,/11\, corresponds one-to-one to the intersection 
point By, on Ly while //,,///, is constant on other components La», 
Ls, . Now, consider the mapping Q,+« of V onto the quadratic trans 


form Q,«(*) which is also an algebraic surface, as Lemma | shows. By 
means of the local coordinates (x)*, x2*; f*, 4*) on Q,«V*) introduced 


in (1), this mapping Q,+«@ can be represented in a neighborhood of L as 
(x1*, x2"; fo*, *) = (Fi, Fe; Hy, Hy); 


hence Q,«b is a regular mapping. Q,«b maps L; onto S* = Q,«(p*) 
one-to-one. Consequently 1, is not a fundamental curve of Q,«b, whereas 
Fay da; are still fundamental curves of Q,«b; again it is obvious that 
no new fundamental curve is created by Q,+«. Thus the quadratic trans- 
formation Q,« eliminates one irreducible component L; of the fundamental 
curve 1. This shows that, by applying a finite number of suitable 
quadratic transformations Q,+, Q,«, ... to 1*, we get an algebraic surface 


Vi* = QO, #Oya( V*) 


such that the mapping ?, - QO,«O,«b of V onto V\* is bi-regular. 
This proves that Vis an algebraic surface. Now V is obtained from V 
by a finite number of quadratic transformations, as (2) shows. Hence, 
using Lemma 3, we conclude that the given Kahlerian surface V is an 
algebraic surface, q. e. d. 


' For the definition of a complex analytic variety in abstracto, see Chow, W. L., “On 
Complex Analytic Varieties,’ to appear in the Am. J. Math. For the purpose of this 
paper we can restrict Ourselves to complex analytic manifolds in the usual sense, 

2 See Chow, W. L., doc. cit., Theorem 4.6. We mention here that a closed analytic 
correspondence © of an analytic variety V into a compact analytic variety lL’ is a mero 
morphic transformation, if it is single-valued in general and if any meromorphic function 
(in the large) on 1’ whose polar variety does not contain #( V) is carried by ® ' into a 
meromorphic function on V. Incase V is an algebraic variety embedded in a projective 
space, this is equivalent to saying that & can be represented by setting the inhomo 
geneous coordinates of a point in V equal to a system of meromorphic functions on L’. 

See, for example, van der Waerden, B. L., Infinitely Near Points, Koninklijke 
Nederlandse Akademie van Wetenschappen, Vol. LIII, 401-410, § 3 (1950). 

‘Cf. Zariski, Algebraic Surfaces, Berlin, pp. 386-41 (1935) 

5 Using Riemann-Roch’'s theorem it can be shown that a rational curve S without 
singularities is an exceptional curve of the first kind if J(S, S) = —1. See Zariski, 
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loc. cit., pp. 71-72. Strictly speaking this criterion holds only for an algebraic surface 
in the usual sense, 1e., embedded in a projective space However, it can be easily 
extended to an algebraic V in the extended sense by observing that if V is mapped by 
a bi-regular transformation ® onto an algebraic surface |’ in a projective space, then 
any curve Sin V is mapped by ® bi-regularly onto a compact analytic curve S’ in the 
projective space, which must then necessarily be an algebraic curve. See Chow, W.L., 
“On Compact Complex Analytic Varieties,” Am. J. Math., 71, 893 914 (1949), Theorem 
V. Itisclear that if Sis a rational curve without singularities in V such that /(S, 5) = 
—1, then S’ is also a rational curve without singularities in V’ such that /(.S’, 8S’) = 
, Le., there 


a 


—1. It follows then that S’ is an exceptional curve of the first kind in | 
exists a bi-rational transformation ¥ of V’ which has S’ as a fundamental curve and is 
bi-regular everywhere else. Then the “product” transformation ¥@ is a_ bi-rational 
transformation of V which has S as a fundamental curve and is bi-regular everywhere 
else. 

6 See van der Waerden, loc. cit., §3 

* Cf. Zariski, loc. cit., pp. 66-71 

8 Kodaira, K., ““The Theorem of Riemann-Roch on Compact Analytic Surfaces,” 
Am. J. Math., 73, 813-875 (1951), Theorem 5.3 

® See Zariski, loc. cit., pp. 386-41. 


COHOMOLOGY GROUPS OF ABELIAN GROUPS AND HOMOTOPY 
THEORY IV 
By SAMUEL EILENBERG* AND SAUNDERS MACLANE 
IDEPARTMENTS OF MATHEMATICS, COLUMBIA UNIVERSITY AND THE UNIVERSITY OF 
CHICAGO 


CS ld 
‘ 


Communicated February 27, 1052 


The present note is concerned with extension and classification theorems 
for continuous mappings. 

1. Products.-Let K be a simplicial complex with ordered vertices,! 
ly, ..., L,; subeomplexes of A and L = Li u OL, Lets* «27K; ii) 
(n = 1) be an n-cocycle with values in an abelian group IL. If a, is a q- 
simplex of A then s" determines a cocycle in Z"(A,, 11) which may be re- 


garded as a q-simplex of the complex A(II, ”).°. There results a simplicial 
map 7(2"): K > A(Il,n). If s" is zero on L;, then 7(s") maps 1, into the 


subcomplex A(O, ”) of A(II, m). Cohomologous cocycles yield chain- 
homotopic maps. 

Let x, € 17"(K, L,; l),i = 1, ...,r and let ye (Il,n; G). Wedefine 
the product 


(i, s c'ny Mee ee 


as follows: Let 2; « x, be cocyeles. Consider the chain transformation 
s: (K, L) > (ACI, n), A(O, 2)) defined by 
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s = )(-1)' “T(z, + 


then 


This product is additive in y independent of the order of x, ..., x,, and is 
natural with respect to simplicial maps of AK, homomorphisms of II and 
homomorphisms of G. Further properties are: 

[x4, » Xpnty Xp + Xe: y| = (x, » Bpnty Bh Hh + 


/ / 


Cees oe ee ee BG Pe ee ns 


a“ 


[x1, LF 5} s if @g<7n, (2) 


(x1, ep x u x,, if g = rn. (3) 
In (3) the cup product is to be taken relative to the pairing I@ ... @IlL—> 
G which to each system ay, , a, € Il assigns the value of y on the cocycle 
ay* *a,, where * denotes the product of chains in the complex A (II, 2).* 
For r = | we have the following additional properties. Let 6" « //" 
(Il, m; Il) be the basic cohomology class defined by 6"(a) = a, ae ll. Then 


y= [b": y]. (4) 


Let x ¢ H7"(L; I), 6x € HI" *'(K, L; WD), vy e AU, n + 1; G). Then 


(6x; y] = d[x; Sy], (5) 


where S: //@*'(1l, n + 1; G) > H(II, n; G) is the suspension homomor- 
phism. 

2. Depressed Products. Let K X / be the cartesian product of A with 
the closed unit interval, subdivided simplicially in the usual manner. 
For a subcomplex L of AK we define 


be LxT Oke XO wk xe 1, 2D me xT ow KX 1. 
We define maps 
DAB K Lj Le KR) eK, 1), 22h, Bb) ei, 2) 


by p(u,t) = u, I(u) = (4,0). Both p* and /* are isomorphisms for coho- 
mology groups. Combining /*~! with 


6:11, L') > He+"(K X I, L) 
we obtain an isomorphism 
¢:H(K, L) = H**(K X I, L) 


for any coefficient group. 
Now, let x, « H"(K, L; 1) i = 1,. — 1, x, ¢ H"-'(K,L,; 1), ye 
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HU, n; G). We define the depressed product 
(x1, (Gray eee ey = er ND ei p, in eee 
which is an element of //*~' (A, L; G). Asin (2) and (3) we have 
Bie sc vp Mee if gq<rmn 
ifg = rn.§ 
Further 
(x; y) = [x; Sy]. (8) 


The products above may be applied to the case when A = S(X) is the 


singular complex of a topological space, thus carrying over the products to 
topological spaces. The invariance of the products in a simplicial complex 


may be established similarly. 
3. Obstruction Theorems. Let Y be a pathwise connected topological 
space with 
ai(Y) = Oforl St<n and ae ae 
where | << <q. We consider the natual homomorphisms* 


x: H*(x,,n; G)—> H*(Y; G), = *(Y), 


and introduce the basic cohomology class 
e* = n™b* « FT": 2). 
The space Y has an obstruction 
Ratt = ROTl( VY) ¢ Fl t"(q,, nm; we). 

Let f: AK" u L — ¥ be a map extendable to A"*!' u L—~ ¥. Then f 
admits an extension f’: Af u L — ¥. The obstruction c+! (f") « H**! 
(AK, L; m,) is then independent of f’ and is denoted by 24*'(f). This is the 
secondary obstruction’ of f{. The homomorphisms /’*: //"(¥; G) — 
I1"(K; G) are also independent of f’ are denoted by /*. Ifg: A" u L—G 
is another map with extension g’: AK’ u L— ¥ such that f L = gL, then 
the difference homomorphism 

(f’ — g’)*: H*(Y; G) > H"(K, L; G) 
is independent of f’ and g’ and will be written as (f — g)*. 

THeoreM I. Letf/,g: K" u L— Y be maps extendable to K"*! uy L— 

Y and such thatfi' L = ¢ L. Then 


stl(f) — 2ttl(g) = [(f — g)*’; Rt] + [g%e", (f — g)*e"; Ret). (9) 


THEOREM II. Let fo, fi: KY u L — Y be two maps with fo| Ko"! vu L = 
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f, AY! uw Land with the difference cohomology class’ d"(fy, fy) eI" K, L; m,). 
Then fy and {, are homotopic rel. Lif and only uf 


(fo, fx) + [e?—*; Sh*t] + (fo%", e* |; kt!) = (10) 


for some e”~! ¢ H"—' (K, L; =z, ). 

The assumption that 7,()) = 0 for 1 < m may be dropped provided one 
assumes that the various maps carry A”! into the base point y of Y. 

The case n 1,\(V) abelian, may be included provided the cohomology 
groups are taken with local coefficients. In the nonabelian case further 
changes are necessary and only partial results are obtained. These include 
earlier known results.” 

4. The Caseg=n-+1,n> 1. A better understanding of this case de- 


pends upon a closer examination of the products 
‘is Vil, (11) 
[X1, X2} (12) 
[x3; Syl], (13) 
(14) 
where 
ny etd” (K,.Ls Th), es 6 6K, 2 DD), 


Np edd 20K, ap), 9 edn CL, 2G), 


This is possible because of our good knowledge of the group //"*?(II, n; G). 
Indeed the elements of this group are in a |-l-correspondence with func- 


tions /: Il — G (called traces) satisfying 


t(—a) tla) Q, (15) 


+ ¥) uB +r ¥) tla + y) tla + B) + 
t(a) + t(B) + ty) 0,ifn = 2, (16) 


l(a + B) — tla) t(p) 0, na >:2. (17) 


The products (12) and (14) are easiest to interpret. They are zero for 
n > 2 and are, respectively, the cup products x; U xX, and x, U x; if m = 2. 
The cup product is taken relative to the pairing (a + 8) — tla) — tp) 
where / is the trace of y. 

If n > 2, then there exist a bilinear function d: If @ Il ~ G such that 
dla, a) t(a). Relative to such a bilinear extension d of t one may con 
sider the Steenrod products.’ It turns out that (11) and (13) reduce to 
Sq’x; and Sq?xy, respectively. 

For n = 2, we consider an exact sequence 


OO OOO Soe aaa cen asia <M 














PES Ns OP LTE 
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O— Il” > Il’ > +0 


and define a generalized bilinear extension of t to be a bilinear function d: 
II’ @ Il’ + G such that 


d(a, a) = t(ga) for a e Il’ 
d(¥(B), Wly)) = 0 for 8, y e Il’. 
Such a d always exists if II’ is free and II is finitely generated. Let 
eeC (A, 2, 1), veC'! (K, L;, Il’) 


be cochains such that gu and gv are cocycles in the cohomology classes 

x, and x, respectively. Then the expressions 
uuu—u uU,é6u, vu dv 

where u and vU,are taken relative to d, are cocycles in the class (11) and 

(13), respectively. 

In the particular case y = k"**( V), the trace / of y coincides with J. H.C. 
Whitehead’s function 9: 7, > 7,4; obtained by combining each map S" > 
Y with the map S"*! — S" which is the Hopf map for n = 2 and its 
(n — 2)-fold suspension for n > 2.° 

The above results include those of Steenrod,’ Whitney," Postnikov!! 
and J. H. C. Whitehead.'” 


* Essential portions of the study here summarized were done during the tenure of a 
John Simon Guggenheim Fellowship by one of the authors 

' The appropriate class of complexes to work with in §§1, 2 and 4 are the ‘semi 
simplicial”’ complexes of Eilenberg and Zilber, Ann. Math., 51, 499-513 (1950) 

2 Kilenberg, S., and MacLane, S., Proc Natt. AcApb. Scr., 36, 443-447 and 657-663 
(1950); 37, 807-310 (1951); subsequently referred to as Notes I, I] and III 

% Note III, p. 308. 

‘ Note III, p. 307, or Note I, pp. 444-445 

®’ The process of depressing a product may be iterated and may be applied to other 
products besides those of §1. In particular, the cup product depressed is again the eup 
product 

6 Kilenberg, S., and MacLane, S., Ann. Math., 51, 514-5338 (1950) 

7 Steenrod, N. E., Jbid., 48 290-320 (1947) 

8’ Robbins, H., 7rans. Am. Math. Soc., 49, 308-324 (1941). Olum, P. (to appear) 

9 Cf. G. W. Whitehead, Proc. Nati. AcAp. Sci., 34, 207-211 (1948), Theorem 5 

© Ann. Math., 50, 270-284 (1949). 

CR. (Doklady) Acad. Sci. URSS N. S., 67, 427-430 (1949). 

12 Ann. Math., 54, 68-84 (1951) 
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THE APPARITION PROBLEM FOR EQUIANHARMONIC 
DIVISIBILITY SEQUENCES 
By L. K. Durst 
Tue Rice INstiruTe, Houston 
Communicated by E. T. Bell, February 27, 1952 


The apparition problem consists in finding an arithmetical relation be- 
tween a rational prime p and its rank of apparition in an elliptic divisibility 
sequence.' In this report the elliptic divisibility sequences parameterized 
by equianharmonic functions are investigated, and a partial answer to the 
apparition problem for such sequences is given (Theorem 2). 

If we/w, = p = '/2(-1 + V —3), the Weierstrass functions for the par- 
allelogram 0, 2u; 2w2, 2w; + 2w. are called equianharmonic functions and 
have the following expansions: 


eee u u 1 
o(u) =u Il (1 _ ) exp ( a .) 
2uw 2uw 2 (2ua,)?/ 4 


wink 


ee | 1 u \ 


(1) 


+. 4 
wink Vu . 2 uw) 20 (2uw,)2f 


uw #0 J 1 , 1 ) 


Yiu) = F => 
wink Vu - 2uw,)? (2uw,)24 


I 


my 
” 


o’(u) = —2 
pink (u _y 20,)* 
where the index » runs through the ring / of the quadratic integers «= 
a + bp, a and 6 rational integers. The norm in FE is given by Nu 
N(a + bp) = a? — ab + b?, and the units in / are e = +1, +p, +p* = 
-(1 +p). Equations (1) imply 
a(€ U, Ww, pw) = € (UM, Ww), pu) 
(eu, wr, pw;) = € 'C(U, 1, pa) 
VEU, wt, pw) € 7P(U, w1, pws) 
W'(€ U, wi, pw) = € FP’ (U, w), pwr) 
where Ne = 1. The function o(u) is a doubly periodic function of the 
third kind: 
a(u + 2uu,) = (—1)%* e24m™ + #0) Gy) win E, (3) 
A being the conjugate at yw, and m, = ¢(@). Furthermore (2) implies go = 
0 and hence 


Y’(u)? = 4P(u)® — gs. 
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Equianharmonic functions afford one of the simpler examples of elliptic 
functions admitting complex multiplication.” 

If Wulu) = o(pu, w1, par) o(U, a, pwr) ‘* for win -, then (1) and (3) 
imply that ~u(u) is an elliptic function of u with periods 2w; and 2pw;. The 
three-term sigma formula* implies 


eY.4 (wy, (4) = ¥.4.(wWy, — (wy,7(u) — ¥,4.(u)y, —.(u)Y,7(), 
(4) 


for any yw, v, ein /, provided Ne = 1. 

1°. Using ¥,(4) = ef,(u), Ne = 1, and the recursion (4), every value 
of y,(u) may be computed from the initial values 

You) = 0, ilu) = 1, pf, _,() = C1 — p)P(u), fou) = —O'(u). 
2°. If Nu is an odd rational integer, 
Wulu) = P,(z, £3), 
and if Ny is even, 
Wulu) = 0’ (u)Pul(z, gs), 


where z = Y(u) and P,(z, g;) is a polynomial in z over the polynomial ring 
E| g,| of degree '/2(Nu — 1) if Nu odd, and '/o( Nw — 4) if Nu even. 
Proofs of 1° and 2° may be given by inductions on Nu. 
3°. Ifv win the ring /, then P,(z, g;)' Pu(z, gs) in the ring E[z, gs]. 
Let uw» = Av. Then 


y a(Xvu) a(Avu) Jf a(vu) ‘ee y,(vu)y,( VD 
(u) = AL = > = y(vua)y,(u), 
ii o(u)X™ a(vu)* la(uy®’f 


and if NX and Nv are both odd, 


P(z, gs) = P,(P(vu), gs)P.(2, gs). 


P(vu) = P(u) — ¥,— (wy, 4 (wy, (u)~?, (5) 


so P,(P(vu), g3)P.(z, g3)** ~' is a polynomial in E[{z, g;|. The details of 
the proof of 3° are similar if one or both of NA, Nv are even. 

If z and g; are fixed in the ring / of rational integers, then the correspond- 
ence u — P,(z, g;) is a mapping of & into itself preserving division. Let 
p be a prime ideal of k. An integer \ of / will be called a zero of p if 


P,(2, gs) 0 (mod p), Z, gs fixed in J. 


A zero a of p with minimum positive norm will be called a rank of apparition 
ofp. That every p of / has a rank of apparition for each z, g; of J, may be 
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shown by an argument similar to the proof of Theorem 5.1 of Ward’s 
Memorr.! 

Write P.(z) = Py(z, gs) for g; fixedin J. If M(6) is the Mébius function 
of the principal ideal ring /:, defined by 


M(e) = lif Ne=1 
M(6) (—1)’ if (6) is a product of r distinct prime ideals 
\M(6) = O if (6) is divisible by the square of a prime ideal, 


as ~\ M4) 
Q(z) = Il P,/(2) 
(6) (pa) 


isin /¢{z|}; and by the inversion formula of Dedekind, 


P(z) = II Q,(z), 
(8)| (ys) 
up toaunit factorin /. Since o(u) = Oif and only if wu = 2va, vin E, the 
roots of Ou(sz) = O are the distinct values of P(2va;/pu), (vy, w) = 1. 

1°. If wis a rank of apparition of p, then Qa(z) and Pa(z) split into 
linear factors in /¢/p. 

4° follows from (5). 

Let R be the field of rationals and let /, be the root field of Qu(z). If 
vp, Nv > 1, then Fa > Fy > R(p), unless Nv = 4.- Let C(x) = 0 be the 
equation, irreducible over R, satisfied by the primitive mth roots of unity. 
Ifn # 3, C,(x) is irreducible over R(p). 

THeoreM |. /f nis an odd rational integer, then C,(x) is reducible in F,,. 

For if @ = exp(2ri/n) andn = dd’, then 


d 1 
> 0" &'(2u;(r + sp)/d)-! = 0 
0 


d 1 
> 0 P(Qa(r + sp)/d)P'(2ai(r + sp)/d)-'! = 0 (6) 
s 0 
where r = 1, 2, »'/o(d — 1).4 It follows from (5) that multiplication of 


equations (6) by @’(2w,/) yields }> (d — 1) equations over F,,, of degree at 
an 
most 1, each of which has @asaroot. Since 


o(n) > 1 l - - & (d — 1), 
din 
C,(x) factors in F,,. 
It is now possible to formulate an answer to the apparition problem for 
all rational primes that do not split in £. 
THEOREM 2. If p = 2 (mod 3) and a@ is a rank of apparition of p, then 


a = 2b or a = 2°b(1 — p) 
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where b is 1, 3, or an odd divisor of p’ — 1 and c and e are rational tntegers, 


c > Oande < o(b). 
By hypothesis (p) = p, a prime ideal of k. But a = de since p = p, so 


that 

a or = a(l p), 
where a is a rational integer. Leta = 2°, b odd. Since }b! a, 
Fa > F, > R(p), ifb> 1. 


and Theorem 1, C,(x) is reducible in kp; and if 6 ¥ 38, 


Hence by 4 
p* = | (mod b), where e is the common degree of the irreducible factors of 


C,(x) in E/p. 
If p = | (mod 3), then p 
apparition problem is an open question. 


Np, p a prime ideal of /. In this case the 


! Ward, Morgan, ‘‘Memoir on Elliptic Divisibility Sequences,” Am. J. Math., 70, 


31-74 (1948). 

2 Ward, Morgan, ‘‘Arithmetical Properties of Polynomials Associated with the Lem 
niscate Elliptic Functions,’’ Proc. Nati. ACAb. Sct., 36, 359-362 (1950) 

3 For the three-term sigma formula, and all of the formulas of the previous paragraph, 
cf. Tannery and Molk, Fléments de la théorie des fonctions elliptiques, Vol. 2, pp. 234-236 

‘For these ‘Abelian Relations,” cf. Fricke, Die elliplischen Funktionen und thre 


Anwendungen, Vol. 2, p. 242 


SOME THEOREMS ON PIECEWISE LINEAR EMBEDDING 
By V. K. A. M. GUGENHEIM 
MAGDALEN COLLEGE, OXFORD 
Communicated by S. Lefschetz, January 80, 1952 


1. We call two (Euclidean) polyhedra equivalent if they have iso 
morphic simplicial subdivisions; the homeomorphism which maps each 
simplex of such a subdivision linearly onto its correlate in an isomorphic 
subdivision is called a piecewise linear homeomorphism onto, abbreviated 
PLO. 

A polyhedron is called finite if it has a subdivision consisting of a finite 
number of simplices; a polyhedron equivalent to a qg-simplex is called 
a g-element, one equivalent to the boundary of a q-simplex, a (g — 1) 
sphere. A polyhedron for which the star of every vertex of a given sub- 
division is a g-element is called a g-manifold: but in what follows ‘‘g 


manifold’? will mean ‘“‘connected g-manifold.”” If JJ is an orientable 


q-manifold, we denote by M‘ the oriented manifold obtained by orienting 
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M* in one of the two possible ways; if M’, N¢ are both oriented g-mani- 
folds and if @: M% — N% 1s a PLO we shall write ¢: M’ ~ N‘ if @ and the 
orientation of M®’ induce in N? the orientation of N%. If @: M¢ —~ M7‘ is 
an orientation preserving PLO we call it a +PLO. 

In the following sections all theorems will be stated without proof; 
a full account will be published elsewhere. 

2. By R" we denote Euclidean n-space. The set of + PLOs @: R" > R" 
form a group of transformations which we denote by G"; by Gi we denote 
the (normal) subgroup of G” consisting of those @ € G”" which leave points 
outside some finite region of R” invariant (1.e., there must be some such 
region for each ¢ € Gj). 

If P, Q are (oriented or unoriented) polyhedra of R” we say that P, Q 
are congruent in R", P = Qin R’, if there is @ €G” such that ¢P = Q. 

THeoremM A. Let P, Q be finite g-dimensional polyhedra of R", let wv: 
P — Q bea given PLO and let 2g + 2 <n. Then there is @€G" such that 
oP = y. 

Thus, in particular, equivalent g-dimensional finite polyhedra of R” 
are congruent in R” if 2¢ + 2 <n. 

THreoreM B.' Let P, Q be finite polyhedra of R", and let @ €G" be such 
that ¢P = Q. Then there is dy €G" such that d| P = | P. 

3. We say that a q-element (a g-sphere) of R” is flat in R” if it is con- 
gruent in R” to a q-simplex (the boundary of a (q + 1)-simplex). 

THeorReM C. Let /" be a q-element of R" and K a given simplicial sub- 
division of I*. Then Ek is flat in R" if and only if the star of every vertex 
of K 1s flat in R". 

For g <n, we denote by [g, | the set of congruence classes of oriented 
q-elements of R"; for g <n — 1 we denote by (q, n) the set of congruence 
classes of oriented g-spheres of R". All n-elements of R" are flat,’ while 
(n — 1)-spheres in R" are the subject of a well-known unproved conjecture. 

THEOREM 1).* {qg, n| and (q, n) are commutative (additive) associative 
systems with a sero element which is the congruence class of flat elements or 
spheres, respectively. 

The result is also true for (7 — 1)-spheres in n-space, provided a suitable 
convention is adopted regarding orientation. 

The operation of “addition” implied in Theorem D is obtained as follows 
in the case |g, n]|: 

Let E’, F’ be disjoint oriented g-elements of R". Let g* be a flat oriented 
qg-element of R” such that 


Kan gt = fern g! = etl ag — l-element 
Fen gt = FUN gf = fe-), aq — 1-element 


(E% denotes the boundary of /%, ete.). Furthermore, let e’~', f’~' have 


flat g-dimensional neighborhoods in k? vu F* yg’, and let the orienta- 





Voc. 38, 1952 MATHEMATICS: V. K. A. M. GUGENHEIM 


tions of g’, E’ and g*, F’ induce opposite orientations in e’ |, f’~', respee- 
tively. Then G* = E’ uv FY uy g*isan oriented g-element; and we prove 
that the congruence-class in R", y say, of GY depends only on the con- 
gruence classes a, 6 of E’, FY. We then define a + 6 = B+ a= y. 

A similar construction 1s used in the case (g, 7), a slight further complica- 
tion being due to the necessity of avoiding a possible ‘‘linking’’ of spheres. 

The operation of removing a g-element from the interior of a flat q- 
element of a q-sphere of R” leads to a homomorphism 

r: (qn) > [q, n]. 
The following semigroups are known to be zero: 

(q, n) if 2g + 2< n, by Theorem A. 

(g, n| if 2g + 1 <n, by Theorems A and C, using the theory of section 5. 

(1, 2), (2, 3),* [1, mJ], (8, 4]. 

4. Results on embedding in R” can be applied to embedding in general 
n-manifolds. The definition of congruence 1n an m-manifold j/" is the same 
as that given above in the special case R". 

Let P be a polyhedron embedded in an n-manifold 1/". We say that 
P is locally embedded in A/" if 

(i) There is an n-element /" ¢ \/" such that P is in the interior of /"; 

(ii) P does not disconnect 1/7". 

In particular, these conditions are satisfied if P is an element in the 
interior of /", or if P is a sphere in the interior of 1/" and dim P <n — 1, 

By [P, M"| we denote the pair consisting of a polyhedron P locally 
embedded in an orientable manifold \/" and the oriented manifold M". 

Let [P, M”|, {Q, N”] be two such pairs, let £” ¢ AJ" and F" c N" be 
n-elements such that P, Q lie in the interior of /", F", respectively, and let 
E", F” have the orientations induced by M", N", respectively. If there 
isa +PLO 

6: E” — F" 
such that 
6P = Q, 
then we say that the pairs {[P, M"| and |Q, N"| are congruent, [P, M"| = 
\Q, N"). 

THEOREM E. Let P, (¢ = 1, 2) be locally embedded in the orientable n- 
manifold M", and Q, (1 = 1, 2) in the orientable n-manifold N". Let P, = 
P, in M" and |P,, M"} (Q, N"] @@ = 1, 2). Then Q,; =Q2 in N". 

COROLLARY 1. Let M", N” be equivalent manifolds. Then |P, M"| = 
[QN" | if and only if there isa PLO @: M" +N" such that ¢P = Q. 

CorROLLARY 2. |P, M"| = |Q, M"| if and only if P= Qin M". 


Using this theorem it is easy to set up a one-one correspondence between 
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congruence classes of oriented polyhedra in an oriented n-manifold and in 
R". Using such a correspondence, for which a definite orientation of 
R” must be chosen once and for all, a locally embedded oriented q-sphere 
in an oriented n-manifold M” defines a unique element of (g, 2). This 
remark will be used in the next section. 

5. Let R" be R" with a given orientation, and M‘ an oriented g-manifold 
of R",q<n— 1. Let xe M*%; we can always find a simplicial subdivision 
K of R" of which L, a subdivision of 7%, is a subeomplex and which has x 
as a vertex. By St,x we denote the star of x in L with the orientation 
induced by M‘ and by Lk,x the link of x, 1.e., the set of simplices of Stix 
which do not contain x, with the orientation induced by that of Stzx. 
Similar notations are appropriate to A. Then, using the remark at the end 
of 4, {St.x, R"| defines an element a(x, M*) of [g, n| and [Lk x, Lkxx] 
defines an element A(x, M*) of [g — 1,” — 1] if xe M* and of (q — l, 
nm — 1) if x is interior to \/’%. The elements a(x, M’) and A(x, M®) are 
independent of the partitions used in their definition. o(x, M‘) = 0 if 
and only if A(x, M’) = 0. 

Ifn = 2g, it is a consequence of Theorem A that A(x, M“) = 0 unless x 
is a vertex of some given partition of 1‘; hence, for a finite manifold, 
there is at most a finite set of points x € 7% such that A(x, M“) + 0; also 
these points must be interior ones. Thus, with such a manifold we can 


associate uniquely a certain finite set of elements of (¢ — 1, — 1), called 


the ‘“‘link type’ of M“. 

THeorem FP. The link type establishes a one-one correspondence between 
the elements of |g, 2q| and (unordered) sets of the form (8, ..., B,) where 
B,e(g 1 -2¢ 1), where the empty set stands for the zero element, and 
addition is given by (ph, » Br) + (Bx+1, » Bi) = (Bi, ..., Bi). 

6. The two theorems of this section are used in the proofs of the theorems 
on embedding: 

Let P, Q be polyhedra and each of ¢, gi: P > Qa PLO. If there is a 
PLO o;: P X 1—~>Q X I, where / denotes the unit interval and P XK / 
the topological product, such that @,(p, 1) = (q, t), di(p, 0) = (gop, O) 
and @,(p, 1) (dip, 1) for pe P, tel, then we say that @) and ¢ are 
(piecewise onto) isotopic, and we write @) A gr. 

THeoreM G.° Let P be either an element or a sphere, and ¢: P > Pa 
+PLO. Then @ & 1 (the identity map). 

Let M/* be an orientable g-manifold, and 4, i = 1, 2, g-elements in its 
interior. Let P ¢ M*% — FY — FE be a polyhedron which does not dis- 
connect A/%, and let y: E> FE! be a PLO which is orientation preserving 
in AM*. 

PHEOREM H.® There is a + PLO o: M4 —~ M* such that 


oP=1, oh=% eal. 
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' This result was previously obtained, by a method differing from ours, by Graeub, 
W., “Die Semilinearen Abbildungen,”’ Sitcungsher. Heidelberger Akad. Wissensch., 
1950, §3, Satz 2 

2 Newman, M. H. A., ‘On the Superposition of n-Dimensional Manifolds,’ J. London 
Math Soc., 1927. 

* The associative system (1, 3) was discovered by Schubert, H., ‘Die Eindeutige 
Zerlegunge ines Knotens in Primknoten,"’ Sitcungsber. Heidelherger Akad. Wissensch., 
1949. 

‘Graeub, W., loc. cit., §5, Satz 1 

° A similar theorem was proved for the case when P is an element and ¢|P = 1 by 
Veblen, O., ‘On the Deformation of an n-Cell,"”’ these PROCEEDINGS, 3, 1917, and for the 
case P a sphere and @ a differentiable map by Whitehead, J. H. C. (unpublished; I am 
indebted to Prof. Whitehead who told me of his results). Both these results concerned 
the classical definition of isotopy 

6 This extends a result due to Newman, M. H. A.,, loc. cit., and strengthened by 
Whitehead, J. H. C., “On Subdivisions of a Complex,’ Cambridge Phil. Soc. Proc., 
1935 


PLANCHEREL FORMULA FOR THE 2 KX 2 REAL UNIMODULAR 
GROUP 
By HaARISH-CHANDRA 
DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY 
Communicated by P. A. Smith, February 27, 1952 


In an earlier note! in these PROCEEDINGS we have obtained an explicit 
Plancherel formula for a connected complex semisimple Lie group. The 


corresponding problem for a real group appears to be much more difficult 


due to the circumstance that two Cartan subgroups in it are in general not 
conjugate. In fact it seems likely that there is a close connection between 
classes of conjugate Cartan subgroups and the various ‘“‘series’’ of unitary 
representations which occur in the Plancherel formula. The object of this 
note is to make a beginning in the study of this question by deriving an 
explicit Plancherel formula in the simple case of 2 * 2 real unimodular 
group.” 

Let R be the field of real numbers and G the group of all 2 & 2 real ma- 
trices with determinant 1. Then its Lie algebra gq) consists of all matrices 
with trace zero. Put 


'y 0 — ; 
alle « 1 ) . . op ’ 


and 
h, = exptil, n exp sX, Ug exp 4l (t, s,0€R). 


Let A and A be the one parameter subgroups G corresponding to l’ and 
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H], respectively. Then the mapping (4, t, s) > uhn(ue K,t,s € R) isa 
topological mapping of A XK R XK R onto G. Let G* denote the adjoint 
group of G and x — x* (x «G) the natural mapping of G on G*. We de- 
note by n, the character of A given by 
nj(Uy) = e?” 

(iis a fixed square-root of —1). Let du* denote the element of Haar meas- 
ure on K* such that Jxe du* = 1 and let § be the Hilbert space of all 
square-integrable functions on A*. Then for any complex number v 
we define a representation 7, ; (j = 0, '/2) of Gon § as follows. If x €G 
and u e« K we write 


xu = u, exp (t(x, u)/1) exp (s(x, u)X) 


where u, ¢ A and t(x, u), s(x, u) € R. It is easy to verify that for fixed x, 
(u,)*, u-'u, and t(x, uw) depend only on u* and so we may denote them by 


u,*, v(x, u*) and t(x, u*) 


, respectively. Now for any f « ) we define 
nm, (x)f = g by the rule 
» ptt 1 utp, * 
g(u*) = a,(v(x-', u*))e f(a, 1). 

It can be checked without difficulty that 7, ; is actually a representation 
and if v + '/2 is purely imaginary 7, ; is unitary. Put 7,* = a, 9 and 
tT. = m, 1, Where v = 1A — '/o(X € R). Then 7,+ and 7r)~ are unitary 
representations of G on §. 

Now consider the representation 7,4; ; where ” is an integer > 0. For 


‘m? Then these 


any integer m let f,, denote the function f,,(u*) = e 
functions form an orthonormal base for . Let V,, ; be the subspace of 
spanned by the set {f,,; |m + j) <n + j} and let W,, ; be the orthogonal 
complement of V, ;in §. Then V,, ;, W,.; are invariant subspaces and 
we denote by p,, ;, o, ; the corresponding representations of G induced on 
them. Itis known that there exists a unitary representation 0; ,, which is 
infinitesimally® equivalent to 0; n» Let x,., be the character of p, ;.. Then 

ettit e (n+j9+'/2)t 


Xn, j(Ay) - e' at ear 1/ot 


sin (n + 7 + '/9)0 
Xn, j(Mg wad 6 
sin 
2 
Let y = exp (2rl’). For any function f on G put f,(x) = f(x) + f(yx) 
and f_(x) = f(x) — f(yx). Let C.“(G) denote the set of all functions on G 
which vanish outside a compact set and which are indefinitely differenti- 
able. Put 


T.*(f) = Sfa((an) yet! dt ds du* (2) 


« 


eatasaoaares ee 


moran mae ee 


Sees 


ene eae ee 


aaa cringed 
eee re 


; states = 





RN 1 mero agen RE 


=: 


See 


eee 
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and 
Ss, (f) = S fa (hin)e**  dtdsdu* — Sif a(x)x,(x) dx (3) 


* ’ . 
Here y” = xyx! (x, y © G) and dx = e' dt ds du (x = uhn,), du being 
so normalized that fx du = 1. 2k is an integer 
Xk—1/s,1/, according as 2k is even or odd and we have to take the plus or 


> OQ and xp = xe.0 OF 
minus sign in (3) accordingly. It can be seen without difficulty’ that 
7, *(f), Se*(f), respectively, are the traces of the operators JG f(x) 7, * (x) dx 
and Sc f{(x)o, (x) dx where o,+ = o, 9 OF op” = op%~1,, 1, according as 2k 
is even or odd. Moreover since the conjugates of A and A taken together 
cover G except for a set of measure zero it follows easily from (1) that 


S,°(f) = J fa((hin,) yee” **''" dt ds du* 


3; | 6 , 
I dé sin (: + a sin | / f ((tyg)* ) dx*™ (4) 
. - zZ a ut 


e 


where dx* = e' dt ds du* (x* = u*(hn,)*). 
THeoreM. Let fe C.°(G). Then® 


bd 


| j | 
8xf(1) = rs J d tanh wr 1, +(f) dd + - / \ coth ry 1, (f) dX + 


l : ; S ‘ 
x ( + ) Sit(f) + YS (n+ WSryi,(f) 


n n20O 


the two series being absolutely convergent. 

The proof is based on the following lemma. 

LemMMA. Let F(x, X2) be an indefinitely differentiable function of two real 
variables which vanishes outside a compact set. Put 


g(0) = fi (e' — e ‘)F(6e', Oe‘) dt (@> 0) 
0 


Vr 


Lim 4g(@) = I F(s, 0) ds 
a J0 


d 
Lim " (0g(0) = —2F(0, 0) 


ao 6 


Then 


and there exist positive constants a and b such that 


1 /d 
(Ag(8)) 2F(0,0)) < b\ log 0 
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In proving the theorem we may assume that f(uxu~!) = f(x) = f(x~') 


(xeG,ueK). Put . 
F (0) = P| fa ((ty)**) dx*. 
G* 


Then making use of the above lemma we find that 


4 = 1\1 
Lim ym + 1) / f,(n,) ds — 2 (» 4 )- x 
mm? . x OsnS™ 2 T 
"e l 0 a | 
J sin (n + Je sin | F.(0) doy = — Lim - x 


mero san Ss mw 


les l d a oe ‘ 
cos | n +4 0 sin — F,(0)} d@ = 2nxf,(1). 
Js 2) =dé 2 
Now put ¢. (/) =e F fi (hn,) ds. Then 


| os re 
1 Oe (» { )f gi (e" "dt = 
Sanam 2 0 
Pe do(t) 


(m + 1)¢,(0) 4 2 e 
Osn m 0 dt 





Hence 


taf ,(1) Lim 


mm? a 


‘ "= dy, (t) a 
2 ii 
yy I dt f 


Osn m 


a Ldgy(t) , : A : : : 

Since ¢,(t) = gy (—D), P it is a differentiable function of tand there- 
. cf 

lore 


. . "ded inn 
Lim  & / e dt s 
a a DS n a di 


nef dg,(t) l F a ' 
- A tanh wA 7, *(f) dd 
0 t dt (e°" —€ ‘ 4 , ‘ 


by Fourier transformation since 7 *(f) = / ¢,(te™ dt. Hence 


dnf,(1) = | / \ tanh rA 7, +(f) dd 4+ ys (» + 5)Ss (f). (5) 


QS n« 


a 


Similarly we prove that 
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. , "* dg_(t) t 
> (n+ 1) Syai, (f) = 4ef_(1) 4 | = coth — dt = 
> 0 . 0 dt 2 


n 


| oo 4 
Inf_(1) — a A coth mA 7,~(f) dX. (6) 


Adding (5) and (6) we get the result. The Plancherel formula for G can 
now be obtained in the usual way. 
Notice that if f(uxv) = f(x) (u,ve A) then 7,~(f) = S,*(f) = Sy4.,(f) 


= 0 and therefore 


a 
Saf(1) = 5 / \ tanh wA 7, *(f) dr. (7) 


If we assume, as we may without essential loss of generality, that f(x) = 
f(x!) (x €G) and put 


g(t) =e" J f(hyn,) ds 
then (7) is equivalent to 


P ” dg(t) , 
2nf(l) = — f i (e* - 
tf 


This formula is quite easy to verify directly if we take into account the fact 
t 


that the function F(t, s) = f(A.) depends only on (1 + s2jeo + e-' = 
(e? — e ‘"*))2 4 ste! — 2 which is the trace of the product of the matrix 


. . ) , 
hn, with its transposed. Put x = (e/* —e “) y = se" and @(r) = 


F(t, s) where r = Vx? + y? > 0. Then 


g(t) = / P(r) dy 
dg(t) dx [{'° x d®(r) 
= dy. 
dt dt ok 4 
Hence 


f de(t) sy» Ay i 1 d(r) | F 
| ile = ax dy 
’ ae” ire 


“2 d®(r) : 
2Qr dr —2rb(Q) = —2xrf(1). 
0 dr 


Formula (7) has also been obtained independently by R. Godement. 


and therefore 


' Proc Natv. AcaApD. Scr., 37, 813-818 (1951) 
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? The representations of this group have been studied by Bargmann, Ann. Math., 48, 
568-640 (1947) 

* For the definition of infinitesimal equivalence see an earlier note (PROC. NATL. ACAD. 
Ser., 37, 362-365 (1951)). oj, is the direct sum of two irreducible representations 
which in Bargmann's notation are D,, 14s and Dy 41 4; 

* See Proc. Nat. Acab. Sc1., 37, 366-369 (1951). 

* Compare this result with formulas (11.7), (12.12) and (12.24) of Bargmann’s paper. 


ON SOLUTIONS OF MAXWELL’S EQUATIONS IN AN EXTERIOR 
REGION* 


By WILLIAM K. SAUNDERS 
UNIVERSITY OF CALIFORNIA, BERKELEY 
Communicated by H. Weyl, February 2, 1952 


1. This paper is concerned with the questions of the existence and 
uniqueness of solutions to the time periodic case of Maxwell's equations 
for an exterior region. The work is limited to constant real parameters. 
The results are as follows: 

THEOREM I. Given an infinite region L surrounding a finite closed smooth 
surface C with an assignment upon C of the tangential components of a vector 
field E of class C* with respect to the surface parameters of C, there exists at 
most one set of twice continuously differentiable time periodic functions satis- 
fying Maxwell's equations in L, the boundary conditions upon E on C, and 
the condition' 


Lim r(a, X H + ve nE)=0 (1) 


r-?r.« 


THEOREM II.-—There exists in La solution of the time periodic Maxwell's 
equations satis/ying the boundary and infinity conditions of Theorem I. 

The proof of the first theorem is an extension of the proof of a theorem of 
F. Rellich® upon solutions of the scalar Helmholtz equation. The second 
theorem is deduced from the observation that the proof is contained in- 
herently in a recent result of C. Miller* upon the problem of a perfect con- 
ductor. 

In 1912-1914 H. Weyl‘ in a series of papers on the asymptotic distribu- 
tion of the eigenvalues of various partial differential equations dealt with 
the electromagnetic problem in a region enclosed by a perfect conductor. 
To this end he set up the vector Green's formula, 


Si (E(V°G] — |V*E]-Gidp = fc} —(n X E]-[V X G] + 
[Vv xX E]-[n X G] — [E-n]-/V-G] + [V-E]-[n-G]} do (2) 


where G may be a dyadic or tensor as well as a vector. A method, involv- 
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ing the solution of a system of integral equations, was given to construct 
a tensor G which would satisfy the vector Laplace equation. F.H. Murray® 
and the author® attempted to vary the procedure to construct a tensor 
which would satisfy the vector Helmholtz equation hoping thereby, through 
the use of (2), to write the field in terms of its assigned boundary values. 
Although the method of Weyl requires little modification and the eigen- 
values situation may be handled formally in a parallel manner, the work is 
none too satisfactory. In the first place, there remains a question whether 
the solution constructed is truly one for Maxwell’s equations and not 
merely one for the larger class belonging to the vector Helmholtz equation, 
and in the second place, the method used for consideration of the eigen- 
solutions lacks rigor especially when applied to other than the Laplace 
case. 

In a recent paper H. Weyl’ has given a far more satisfactory method for 
handling the eigensolutions. He limits himself there to the scalar Helm- 
holtz equation but has indicated that the method may be applied with equal 
success to Maxwell’s equations.* This is especially true if the construction 
of the tensor G is done in the manner of Weyl’s Palermo® paper which has 
the advantage of overcoming the first difficulty mentioned above. With 
this method there is no question but that the field constructed is diver- 
genceless. At the time of the publication of C. Miiller’s paper the author 
was revising his paper to prove Theorem II in the manner just indicated. 
It seems best, however, to adopt the simpler derivation of Miiller and to 
show that this solution to the reflection problem is in essence all that is 
required.” 

2. THEOREM (Rellich). Let ¢ for p > po be a twice continuously differ- 
entiable complex valued solution of (V* + k?)@ = 0 and let @ be not iden- 
tically equal to 0, then there exists a ¢ > 0 such that for all sufficiently large 
r (and an arbitrary p; > po) 


SSS \o?dp>tr 


(dp = element of volume). In particular one has the consequence: 


If lim Sf \¢\2d2 = 0 then @ = 0 


,—7>o@ 


({ = a spherical surface of radius r; Q = the solid angle.) 

COROLLARY (Rellich). There is at most one complex valued function 
which in the region L is twice continuously differentiable, assumes given values 
on C, satisfies in L the equation 


(V2 + k*?)¢ = O 


and the condition 
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(@) 
Lim r( ? + ito) = 0 (3) 
Or 


| in ie 


uniformly for all directions r. The values of @ assigned upon C must be such 
that Green’s theorem is applicable. 

If this corollary is applied in a trivial manner it is apparent that if each 
of the three rectangular components of E satisfies the Sommerfeld radiation 
condition (3) and if all three components are independently given upon a 
boundary C, then the electromagnetic field is uniquely determined in the 
exterior region. There are two objections to a uniqueness proof in this 
form. The first is that usually only the tangential components of the elec- 
tric field are known on C and it is not immediately apparent that these 
tangential components determine the normal components although, with 
the completion of a uniqueness theorem based only on knowledge of the 
tangential components, such is implied. A second objection is that to as- 
sume the Sommerfeld condition for each of the three rectangular compo 
nents of E is to assume it in particular for the radial component /, and al- 
though one might expect the special behavior called for in the Sommerfeld 
condition with the the /:, and /:, components it is common knowledge that 
this is not a natural condition to set upon the /, components. From the 
physical point of view one would expect that at each point on a large sphere 
surrounding C the radiation has the property of an outgoing plane wave. 
This is expressed mathematically by (1) above.'! 


Proof: Theorem 1 Suppose there exist two solutions /’ and /”, with 
corresponding //‘ and //", satisfying Maxwell's equations and (1), and form 


W = E’ — E’” Y = H’ — H’ 
We = W Conjugate Y* = Y Conjugate 


Set E = W,G = W* in (2) (the divergence terms vanish), note that 
W, Y, Ws, Y* satisfy equations like Maxwell's equations and make use of 
this in the right-hand term. Then 


SIWevuxexw-wevxv x Wt} dp = 
Sc 4 2 W X iwp¥* + W* X twnY} -n do 


Here C is a finite surface, ~ a large spherical surface near ©. The volume 
L lies between them. The usual manipulation yields the vector Helmholtz 
equation without divergence for E and hence for W and Ws. In the 
source-free region L, therefore, the integrand of the left side reduces to 
We k?W — k°W-We = 0 and the integral vanishes. Since by the hy- 
potheses on C, F’tan = Fe" tan, Wean = Wtan = O and since Wromar gives no 


contribution, the integral over C also vanishes and thus 


ion Jo(W X Y* + W* X Y)-a, do = 0 
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Expressing condition (1) in terms of Y and W, and also in terms of Y* and 
Wx, one has 


Lim r*(a, X Y + V e/uW)-(a, X Y* + V e/uW*) 


‘ec 
and if one integrates over L 


Lim £C{ (Yean'Yern) + V e/n(¥Y XK W* + Y* x W) 4 
ca € uW-W* fda = 0 


Since the second term vanishes and the integrand of the remaining terms is 
the sum of positive squares 

Lim y W,| ? dQ 0 ete. 

<a. 
But since W,, W,, and W, are rectangular components of the difference 
field satisfying (V? + k*)W, = O by the Theorem of Rellich above, W, = 0, 
W, = 0, W, = 0. Hence W = Oand E’ = E” which was to be shown. 

3. Although it should be possible to show directly that a field such as 

the one to be constructed in the proof of Theorem II meets the condition 
(1) above, an alternative demonstration making use of a triplet of Sommer- 
feld conditions proves more convenient. To this end one writes down the 
condition (1) in terms of the electric field in spherical coordinates. 
| | | Ok, | OF, 


(a) Limy 


ro « 


Kk, + Vv ‘| = 0 
lwur sta OF lwur OO t eee 


ra 


(b) Lim | —1_ O&, 4 Ke 4 | ok, ‘ao * r, | ~g ) 


iwur sin 8 Op lwur lwu Or 


(c) Lim 4, = 0 


‘7c 


and for comparison the triplet of Sommerfeld conditions taken also in 
spherical coordinates (1.e., in linear combinations of the set in rectangular 


; & | 
(a) Lim r + ikk,| = 0 
rr or 
: E, 
(6) Lim ° e 4 ine | = 0 
r= Or . 
E, 
(c) Lim ° { ik, 0) 
| ih or 


Suppose in addition the field E is divergenceless, i.e., 


coordinates) 
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: 1 OF, | ok, ‘ 
+ -H, + + : = 0 (6) 
or r r O06 ry sin 6 Om 


Comparing (4a) with (5a) and (4b) with (5b) one notes that they are equiv- 


< E 


: Ok, “r . 
alent provided that the terms /4, , i, and vanish asr—> © to any 
oo Op 


order whatever, for the terms appearing in (4a, b) but not in (5a, b) all 
have an |/r additional factor. (Note that k = wV en.) And under the 
Ook 


; Os .. be : 
requirement that -, E,, > ~ all vanish to some order one sees from that 


Lim hit = Q, and hence learns the equivalence of (4c) and (5c). If then 
ati f 

the field E and its derivatives vanish at large distances from the sources and 
if E has no divergence, then the triplet of Sommerfeld conditions in (7, 6, @) 
or (x, y, Z) is equivalent to the condition (1). 

1. THeoreM (Miiller). There exists a solution to the following prob- 
lem. Given a perfect conductor coinciding with the surface C, and a set of 
sources of electromagnetic energy within a finite domain B which does not 
intersect C, find a solution to Maxwell's equations in the region exterior 
to B and C which meets the assigned conditions in B, the condition n X 
E = 0 on C and the infinity conditions of Theorem I above. 

Miiller replaces the conductor by an unknown distribution of magnetic 
current jo. The condition n X E = 0 on C leads directly to the vector 
integral equation 


2j, ili 2rjo ~ Se n xX (jo X Vo) do =e tkR R 


where j, is the magnetic current equivalent to the tangential components 
of the incident electric field upon C. The homogeneous part of this equa- 
tion and the homogeneous part of the adjoint differ but little. In fact it is 
shown that if jp’ is a solution to the first then t = —n X jy’ is a solution to 
the second. 

With the solutions of the homogeneous equations orthogonal in this vec- 
tor sense, it is then not difficult to show that t and j, are orthogonal in the 
manner required for the Fredholm theory. The proof consists of the use 
of (2) and a limiting process onto C from the interior. 

Using this result of Miiller it is simple to construct the necessary G for 
use in (2) and thus obtain a proof of Theorem II. Let G be the sum of 
three dyadics A + F + M. For A take e~"**//R where R = (r — r’) 
and J is the idemfactor. Considering each column as a vector field it is 
apparent that none of these fields is divergenceless, and that to each must be 
added a second vector field if the sum is to be a solution to Maxwell's 
equations. What is required is that 
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VXVXA(+ F) — RA + F) = Or — r’)l (7) 
The vector identity V X V X C = —V°C + VV-C and the knowledge that 
(V2 + k*)e“*/R = &(r — 1’) 


adequately suggest the character of F. Thus if F = 1/k°VVe~“**®/R 
then it will just cancel out the unwanted term arising from VVe “*/R 
without making a contribution due to the application of the VK VX 
operation. Consider now the matrix A + F. Each column is in the form 
of singular electric field, 1.e., a solution of (7) above having suitable behav 
ior at infinity. If A + Fis substituted for G in (2) one has, by the use of 
the Dirac relation (7) above or by the somewhat more tedious exclusion of 


. 


l 
a small sphere'? E = — / }—{n X E]-V X¥ (A+ F)+[V XE]: [nx 


4n 
(A + F)]|} do. 

If finally there is added to each column of the matrix A + F the reflected 
vector field guaranteed by the Miller theorem there arises the sum A + 
F + M which has the property that on C,n K (A + F + M) = 0. Thus 
each column of the matrix A + F + A consists of an incident electromag- 
netic field (of divergence zero) and its reflection in a perfect conductor 
coincident with C. Moreover the total field represented by each column 
has just the singularity noted above. With A + F + M substituted for G 
one has the desired construction. 


for 


— / — (n X E)-(V x [A + F + M]) do 
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matically 


ON COHOMOLOGY THEORIES* 
By CHUNG-TAO YANG 


DEPARTMENT OF MATHEMATICS, TULANE UNIVERSITY 


Communicated by E. J. McShane, February 29, 1952 


It is only! recently that the usefulness of fully normal spaces? in algebraic 
topology has been recognized. We note first that this category of spaces 
contains both metric and compact Hausdorff spaces.* Further, A. H. 
Stone‘ has shown that for Hausdorff spaces full normality is the same as 
paracompactness. Now it is well known that finiteness conditions (e.g., 
finite open coverings) lead to non-intuitive results for very simple spaces. 
In order to avoid this situation (as well as for other reasons) it is customary 
to introduce compactness in some form, compact supports, compact homol- 
ogies and so on. This, however, introduces difficulties in applications. 
Very few function spaces, for example, are provided with a sufficient num- 
ber of compact subsets. Many of the more interesting ones are metric and 
hence fully normal. It is desirable to develop a full-fledged homology 
theory applicable to fully normal spaces and not requiring any compactness 
conditions. For reasons now familiar the singular theory is inadequate. 
Even for locally compact connected finite-dimensional groups satisfactory 
results about regularity in the small have not yet been obtained in sufficient 
amount to permit application of the singular theory. One is then inclined 
toward the Cech theory (using quite arbitrary coverings) and toward coho- 
mology rather than homology, since in the former a discrete coefficient 
group may be used. However, the Alexander-Kolmogoroff theory is more 
immediate and direct, not requiring the elaborate machinery of complexes, 
orientation (or ordering) and limit-groups essential to even the definition 
of the Cech groups. There is the additional advantage that the Eilenberg- 
Steenrod “axioms” (except the homotopy axiom) are known? to be satisfied 
in this theory with no restrictions at all on the spaces. Much more is 
known® when the space is fully normal. On the other hand Dowker’ has 
shown that for the unrestricted Cech groups ‘“‘the axioms,” including the 
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homotopy axiom, are all valid. He did not, however, prove anything be- 
yond the weak excision theorem. 

In this paper it is shown that, for fully normal spaces, the homotopy 
axiom holds for the Alexander-Kolmogoroff groups. Originally our proof 
was so devised as to apply directly to the Alexander-Kolmogoroff groups. 


This, however, left to one side the question of the equivalence of the Cech 


groups and the Alexander-Kolmogoroff groups. A positive answer was 
given by Spanier* for compact Hausdorff spaces. Our present method is 
this--we show that the unrestricted Cech groups are the same as the 
Alexander-Kolmogoroff groups. We thus slay several dragons with one 
stroke, obtaining Spanier’s result as a corollary and getting the homotopy 
theorem by using Dowker's result. Looking at it from another direction 
we know that the extension and reduction theorems’ hold for the unre- 
stricted Cech groups over fully normal spaces. Hence the map excision 
theorem holds. Moreover we see at once that if a space has dimension at 
most , then its groups in dimensions above m all vanish. Further, the 
groups of convex subsets of linear metric spaces all are trivial. It is thus 
quite plausible that one may construct an index-theory of the Leray- 
Schauder type for functions that are not completely continuous, since 
there are no compactness hypotheses in our theorems. Also it is hopeful 
that much of the Morse critical point theory may be developed in terms of 
the Alexander-Kolmogoroff groups. 

Our main result is the theorem: For fully normal spaces the Alexander 
Kolmogoroff cohomology theory agrees with the unrestricted Cech cohomology 
theory for arbitrary coefficient groups. A brief sketch of its proof is given as 
follows. 


The notations of the main literature'’ will be used. In order to distin 
guish the Alexander-Kolmogoroff cohomology groups and the unrestricted 
Cech cohomology groups, we denote the latter by /7?(X, A). 8 and y with 
supplementary indices denote natural homomorphisms from cocycles to 
cohomology classes. Let o = (0, o2) be a covering of a pair (Y, A) and 
(Ko, Lo) its nerve. In the definition of //’(Ao, Le) we may use!! ordered 
simplexes instead of oriented simplexes. The natural homomorphism of 
II(Ko, Lo) into H]’(X, A) will be denoted by me. A covering o of (XY, A) 
is said to be canonical if (1) l’ € «2 implies L'a A # @, (11) UL € a, — o2im 
plies (° — A # and (iii) there is a | — | function jo from the vertices of 
Ka to X such that jo( lL’) ¢ Ua A or jo( lL’) € U — A according to LU’ € a2 or 
leo, — ov. A *-refinement of a covering o of (Y, A) is a covering p of 
(LY, A) such that p > o, p* > o, and (pp A A)* > a2 AA.'® Clearly every 
covering of a fully normal pair (XY, A) (1.e., both XY and A are fully normal) 
has a *-refinement. 

Let (XY, A) be fully normal. Define a multi-valued function x: ,’(X, A) 
— [1(X, A) such that xg consists of all the elements of the form meyej,"¢, 
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where o is a canonical covering of (X, A) such that ¢ = 0 on Njyi((a2 A 


A)**) and dg = Oon N,,0(01**). 
LEMMA |. «x is ad homomorphism with «k&y’(X, A) = 0. Hence « induces 
a homomorphism «*:H1’"(X, A) — H’(X, A) such that x = K*y. 


Clearly xg is not empty. In order to prove the single-valuedness of x 
let moyojo' g, TeVeJe g Exp With p> oa. Let apo: (Ko, Lo) > (Ko, Lo) bea 
projection and define g: X — X such that g(x) = x for x ¥ jo( V) and g( jo 
(V)) = jomoo(V'). It follows'* that jog — je'g"¢ is a coboundary. Hence 
Vejo'g = Woo* yojo' yg and Toyojo ~ = ToYVe]o' ¢. 

Given ¢g, ¢g’ « ®7’(X, A) there 1s some canon cal covering o of (X, A) 
such that xg Tovojo'¢ and xg’ Toyojo' ¢. Hence x is a homomor- 
phism. 

If gy « b,’(X, A), then there is some canonical covering o of (Y, A) such 
that xy Tovajo' py and yojo¢ = 0. Hence xby’(X, A) = 0. 

LemMa 2. /f f,: (X, A) —~ (¥, B) is a mapping, then {*x* 

The lemma is proved by fixing ¢ « &,’?(), B) and letting cg = moyajo'¢ 


ad ge 
for some canonical covering o of (¥Y, B). There is a canonical covering a 
of (Y, A) such that a > o and kf’g = mayaja'’f*y. Define fas: (Ka, La) 
— (K,, L,) such that fao(l’) = V implies f(U) ¢ V. Define g> X > ¥ 
such that g(x) = f(x) forx 4 ja(U) and g(ja(l’)) = jefao(U’). Asin Lemma 
1 we have yaja'g’g = Yaja'/*¢g and hence mtayaja'f'y = f*royojo’¢, oF 
K*f* (yo) {*k* (yo). 

LEMMA 3. 6x* K*6. 

We have only to consider the case Y 4 A. Leta: A — X be the injec 
tion. For a given ¢g et" 'b,’(A) there is a collection a2 of open sets in X 
such that xi’ Toyojo'l vo with oy a, AA. Let a = a uv {X} and 
define ja such that ja(U) = jo(lU n A), U € ae, and ja(X) eX — A. Then 
Koy = mayaja'dy. It follows from the definition of the coboundary opera 
tor and the various permutability conditions that mayaja’by = broyajo’l'¢, 
or K*5( Bi ¢) 5x*( Bit gy). 

LemMa 4. «*: H?(X) =~ H?(X). 

The idea of the proof is as follows. Given ¢ « &;’(Y) with cg = 0 there 
is some canonical covering o of (X, A) such that Kg = moyojo'¢g and yojo'¢ 

0. Let pi* > o; and define ko from X to the vertices of Ao such that 
ko(x) ¢ Uimpliesxe Vc V* ¢ lU forsome Ve p. Hence ye = y(joko)"¢ 

0. Given any moyogo € I1’(X) let p;* > o; and defined ke as above. 
Then ¢ ko’ go € Bz’(X) and xg = 7,7,),"¢ = Toyo¢o, Where 7 isa canoni 
cal covering of (Y, @) with 7,** > py. 

Lemma 5. «*: H(X,A) = H(X, A). 

The lemma is an automatic consequence of the preceding three lemmas 
and the exactness of cohomology sequences. 

Combining Lemmas 2, 83 and 5, our theorem 1s proved. 

After getting this result I heard that Professor Dowker obtained an 
analogous result. 
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ON THE EARLY CHEMICAL HISTORY OF THE EARTH AND THE 
ORIGIN OF LIFE 


By Haro_p C. UREY 
INSTITUTE FOR NUCLEAR STUDIES, UNIVERSITY OF CHICAGO 
Communicated January 26, 1952 


In the course of an extended study on the origin of the planets! I have 
come to certain definite conclusions relative to the early chemical condi 
tions on the earth and their bearing on the origin of life. Oparin® has pre 
sented the arguments for the origin of life under anaerobic conditions which 
seem to me to be very convincing, but in a recent paper Garrison, Morrison, 
Hamilton, Benson and Calvin,* while referring to Oparin, completely ignore 
his arguments and describe experiments for the reduction of carbon dioxide 


by 40 m. e. v. helium particles from the Berkeley 60-inch cyclotron. As I 


believe these experiments, as well as many previous ones using ultra-violet 
light to reduce carbon dioxide and water and giving similar results to theirs, 
are quite irrelevant to the problem of the origin of life, | wish to present my 
views. 

During the past years a number of discussions on the spontaneous origin 
of life have appeared in addition to that by Oparin. One of the most ex 
tensive and also the most exact from the standpoint of physical chemistry 
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is that by Blum. It seems to me that his discussion meets its greatest 
difficulty in accounting for organic compounds from inorganic sources. 
This problem practically disappears if Oparin’s assumptions in regard to 
the early reducing character of the atmosphere are adopted. 

In order to estimate the early conditions of the earth, it is necessary to 
ask and answer the questions of how the earth originated, and how the 
primitive earth developed into the present earth. The common assumption 
is that the earth and its atmosphere have always been as they are now, but 
if this is assumed it 1s necessary to account for the present highly oxidized 
condition by some processes taking place early in the earth's history. 
Briefly, the highly oxidized condition is rare in the cosmos and exists in 
the surface regions of the earth and probably only in the surface regions of 
Venus and Mars. Beyond these we know of no highly oxidized regions at 
all, though undoubtedly other localized regions of this kind exist. This 
is essentially the argument of Oparin. 

The surface of the moon gives us the most direct evidence relative to the 
origin of the earth. Gilbert! called attention to the great system of ridges 
and grooves radiating from Mare Imbrium, and Baldwin’ has explained 
this as due to a colliding planetesimal some hundred kilometers in radius. 
My own studies show that the object contained metallic iron objects and 
and silicate materials and that water as such or as hydrated silicates ar- 
rived with such objects. This collision occurred during the terminal stage 
of the moon's formation. Some five other similar objects left their marks 
on the moon’s surface and they all fell within a time span of some 10° years. 
Their temperatures were not high; probably not appreciably higher than 
present terrestrial temperatures. The arguments for these conclusions 
are long and detailed and cannot be repeated here. 

At the time such objects were falling on the moon similar objects fell on 
the earth. ‘The conditions were different because of the greater energy of 
such objects, 22 times as great if they fell from a great distance and 11 times 
as great if they fell from the circum surface orbit, and because of the pres 
ence of a substantial atmosphere on the earth. The energy was sufficient 
to completely volatilize the colliding planetesimals and raise the gas to 
greater than 10,000°K. An object similar to the Imbrium planetesimal 
would have distributed its material over a region several thousand kilo- 
meters in linear dimensions and the explosion cloud would have risen far 
above the atmosphere. Its materials would have fallen through the atmos- 
phere in the form of iron and silicate rains and would have reacted with the 
atmosphere in the process. (H. H. Nininger recently showed me spherical 
iron-nickel objects collected near Meteor Crater, Ariz., which were formed 
in such a rain.) The objects contained metallic iron-nickel alloy, silicates, 


graphite, iron carbide, water or water of crystallization, ammonium salts 
and nitrides, that is substances which would supply the volatile and non- 
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volatile constituents of the earth. The temperatures produced in these 
collisions were very high, but unless the accumulation was very rapid in- 
deed the general temperature of the planet was not excessively high. That 
such objects fell on the moon and earth at the terminal stage of their for- 
mation I regard as certain, and it is difficult in this subject to be certain 
about anything. But regardless of the detailed arguments, those who pos- 
tulate oxidizing conditions as the initial state of the earth should present 
some similar argument to justify their assumption. 
The reactions taking place at that time of interest to us here are: 


FeO + He = Fe + HO; Koo = 1.7 XK 1074, Kyo = 0.97 

Fe;04 + He = 3FeO + HO; Koo = 2.5 KX 1077, Kian = 1.0 

C + H.O = CO + Hz; Koos = 107'8, Kino = 3.8 X 10~° 
C + 2H, = CH,; Kow = 7.8 & 10°, Kio = 1.6 XK 107° 
Fe;C + 2H, = Fe + CH;; Koy = 3.2 &K 10"', Kiem = 5.9 XK 1073 
NH; = '/oN2 + °/sH2; Koy = 1.2 XK 107%. 


From these equilibrium constants one sees that hydrogen was a prominent 
constituent of the primitive atmosphere and hence that methane was as 
well. Nitrogen was present as nitrogen gas at high temperatures but may 
have been present as ammonia or ammonium salts at low temperatures. 
At high temperatures hydrogen would escape from the planet very rapidly 


but if the temperatures were high objects must have arrived rapidly to 


replenish the lost hydrogen. If the objects arrived slowly then the tem- 
peratures were low and hydrogen did not escape rapidly. Thus it is very 
difficult to see how the primitive atmosphere of the earth contained more 
than trace amounts of other compounds of carbon, nitrogen, oxygen and 
hydrogen than CH,, H.O, NH, (or N») and He. 

We now consider what could reasonably be expected to convert this at- 
mosphere into the present one existing on the earth.* If there was a large 


* Poole, J. H. J. (Proc. Roy. Soc. Dublin, 22, 345 (1941)), Harteck, P., and Jensen, 
J.H.D.(Z. Naturforschung, 3a, 581 (1948)), and Dole, M. (Science, 109, 77 (1949)) have 
reviewed the modern evidence for the photochemical origin of free oxygen and the evi 
dence against the photosynthetic origin. Their conclusions are accepted here. In a 
recent paper, Poole, J. H. J. (Sct. Proc. Roy. Dublin Acad., 25, 201 (1951)) definitely 
concludes that methane and ammonia were not present in the primitive atmosphere and 
that it consisted of H.O, CO, and N, but contained no oxygen. I cannot accept this 
conclusion for carbon dioxide and nitrogen are almost as difficult to understand as free 
oxygen. The interior of the earth and the lavas which reach its surface are highly re 
ducing and are not a likely source of highly oxidized materials. Poole assumes that car 
bon dioxide was present in large quantities in the primitive atmosphere. How was it 
produced from methane, graphite or iron carbide? He also assumes that it would re 
main in the atmosphere, but as is shown in the text and the references cited, carbon 
dioxide in the presence of water should react rapidly with silicates until its partial pres 
sure reaches values in the neighborhood of those on the earth and Mars 
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amount of hydrogen, the outer parts of the atmosphere beyond the con- 
vection zone would become highly enriched in hydrogen. Hydrogen 
would absorb light from the sun in the far ultra-violet® and since it does 
not radiate in the infra-red would become a high-temperature atmosphere 


just as exists on the earth at present, and hydrogen would be lost very 


rapidly. As hydrogen was depleted, the atmosphere would become a 
methane one and since methane and its photochemical disintegration prod- 
ucts absorb a wide band of energy in the ultra-violet and radiate in the 
infra-red, the temperature of the high atmosphere would fall far below the 
present temperature of 1500° or 2000°C.’ In fact, it might well approach 
present terrestrial surface or even lower temperatures. The loss of hydro- 
gen would be decreased, but since an oxidized atmosphere is present on the 
earth it can be assumed that it escaped at some appropriate rate. The net 
process was the dissociation of water into hydrogen which escaped, and 
into oxygen which oxidized reduced carbon compounds to carbon dioxide, 
ammonia to nitrogen, and reduced iron to more oxidized states. When 
the methane and ammonia were oxidized free oxygen appeared and the 
present atmospheric conditions were established. As carbon dioxide was 
formed it reacted with silicates to form limestones, i.e., 


CaSil dy + CC dy = CaC( Ya + Sil )o, K 998 = 1(}°. 


Of course the silicates may have been a variety of minerals but the pressure 
of CO» was always kept at a low level by this reaction or similar reactions 
just as it is now. Plutonic activities reverse the reaction from time to 
time, but on the average the reaction probably proceeds to the right as 
carbon compounds come from the earth’s interior,* and in fact no evidence 
for the deposition of calcium silicate in sediments seems to exist. 

The histories of Mars and Venus should be similar to that of the earth. 
Mars has no mountains higher than 750 meters. Thus the initial lunar 
type mountains were probably eroded by water and no folded mountains 
have been formed. ‘The oxidation of methane to carbon dioxide and the 


t The alternative to this course of events would be the production of carbon dioxide 
from the earth’s interior and there is evidence that at least some oxidized carbon is so 
produced. Gases escaping from lava lakes of Hawaiian voleanoes are highly oxidized, 
so much so that it is difficult to account for the high states of oxidation (Day, A. L., and 
Shepherd, E. S., J. Wash. Acad. Sci., 3, 457 (1913); Shepherd, E. S., Bull. Hawaiian 
Volcano Obs., VU, 97 (1919); Tbid., VIII, 65(1920).) It seems probable to the writer 
that atmospheric oxygen directly or indirectly is responsible for the oxidation. Ob- 
servers report burning gases as escaping from lavas, thus indicating the escape of re- 
duced gases from the lava. Also surface oxidation of the lava pool must occur, as is 
shown by the high temperatures in the surfaces of such pools. Ferric oxide is probably 
produced and this in turn would oxidize carbon within the magma. (See Bull. Hawaiian 
Volcano Obs., UX, 118 (1921).) If atmospheric oxygen is the source, then the carbon 
dioxide does not represent oxidized carbon being supplied to the atmosphere, but on the 


contrary it represents reduced carbon being so supplied 
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formation of limestone proceeded as on earth, but oxygen atoms or water 
molecules were lost from the planet. In an atmosphere containing oxygen 
and nitrogen, a high temperature should have existed on Mars just as 
exists on the earth, and due to the smaller gravitational field atoms of 
atomic weight, 16, should escape if atoms of atomic weight, 4, i.e. He, 
escape from the earth now, as they do Finally, there results a desert 
planet with very small amounts of water and a pressure of carbon dioxide 
in its atmosphere about equal to that on the earth,’ the excess carbon di- 
oxide having reacted with the silicates to form limestones until its partial 
pressure was reduced to a low value. Since mountains are absent, volcanic 
activity must be small or non-existent and carbon dioxide has not been 
generated from limestone and‘silicon dioxide. 

Venus started with a reduced atmosphere, which was oxidized to carbon 
dioxide and limestone by photochemical action. It cannot lose water, 
however, and the absence of water means that much less water was present 
initially than in the case of the earth, probably due to having been formed 
nearer to the sun and thus at a higher temperature. Assuming plutonic 
activity on Venus, the carbon dioxide has been regenerated by processes 
similar to those of the earth. In the absence of water the reaction of car- 
bon dioxide with silicates is very slow and hence a dense atmosphere of car- 
bon dioxide is possible. ‘Thus a reasonable course of events can be postu- 
lated for this planet. 

The Origin of Life--The problem of the origin of life involves three 


separate questions in our present discussion: (1) the spontaneous forma- 


tion of the chemical compounds which form the physical bodies of living 
organisms; (2) the evolution of the complex chemical reactions which are 
the dynamic basis of life; and (3) the source of free energy which alone can 
maintain the chemical reactions and synthesize the chemical compounds, 
It is only the first and third questions which will be discussed here. At pres- 
ent the source of free energy is sunlight through photosynthesis, but how 
were primitive living organisms maintained through a long enough period 
of time for the evolution of photosynthesis to occur? 

It is suggested here that life evolved during the period of oxidation of 
highly reduced compounds to the highly oxidized ones of today. During 


t The discussion up to this point, together with the suggestion that life originated dur 
ing the period of oxidation of reduced carbon compounds to oxidized ones, was presented 
before the Geological Society of America, Washington, November, 1950. It was 
thought that there might be some condition of pressure, temperature and composition 
such that organic compounds became stable, thus making the synthesis of complex com- 
pounds possible. The general ideas were discussed with Dr. H. E. Suess, who was a 
Fellow at the Institute for Nuclear Studies. He made some studies relative to this 
problem which did not appear to be promising of positive results. The present paper 
follows a somewhat different approach to the problem by assuming the synthesis of 
organic compounds by means of ultra-violet light in the high atmosphere 
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this period compounds of carbon, oxygen, hydrogen, and nitrogen were 
present in substantial amounts. It is also suggested that the source of 
free energy was the absorption of ultra-violet light in the high atmosphere 
by methane and water and other compounds produced from them by this 
photochemical action. This process also protected primitive organisms 
from ultra-violet light in the absence of an ozone layer as exists now. 

Organic compounds are generally unstable relative to completely re 
duced or completely oxidized compounds throughout the entire range of 
hydrogen and oxygen pressures in chemical equilibrium with water at 
ordinary temperatures, but photochemical processes should produce such 
compounds. The exact conditions obtaining in a methane atmosphere can 
only be roughly estimated. Convection to Ingher altitudes than now occur 
on the earth should have been present, since a methane atmosphere radi. 
ates in the infra-red while an oxygen-nitrogen atmosphere does not. The 
atmosphere should have been cooler at high altitudes so that convection ex 
tended to higher levels than now, and water vapor should have been carried 
to high altitudes and photochemical products of the high atmosphere should 
have been moved rapidly downward. 

The photochemical processes in a pure methane atmosphere can be 
estimated qualitatively. Methane absorbs in the ultra-violet below 
1450 A. The total energy of the present solar spectrum below this wave 
length is about 5 & 10 ° of the total energy. Methane dissociates into 
methyl and atomic hydrogen. Methyl probably absorbs at much longer 
wave-lengths and probably repulsive states exist resulting in the formation 
of methylene. This compound likewise would be dissociated into CH. 
Thus the reactions 


CH, + dv (A < 1500) = CH; + H 
CH; + hv (A < 2800) = CH, + H 
CH, + hv (A < 2800) = CH + H 
CH + fv (A < 2800) = C + H 


will occur and with their reversal and the reaction of the primary 
products with each other and with secondary products a steady state 
of great complexity will be established, the details of which can- 
not be estimated because of many unknown factors. The ab- 
sorption spectra of CH, and CH» and the kinetics of the back reactions 
and other reactions are unknown. ‘The fraction of the sun's energy below 
2000 A is 3.8 & 10°-* and below 2500 A is 2.2 K 10%, so that very appre- 
ciable dissociation of CH; and CH» may be expected. The energies per 


vear cm. * of the earth's surface for complete absorption of the sun's 
spectrum at the earth below 1500 A, 2000 A and 2500 A are: 
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Cal. yr 
1500 l 
2000 85 
2500 570 


Not much methyl would be produced directly but secondary reactions 
such as CH + CH, = CH; + CH, could be expected to produce more of 
this radical. Altogether a very considerable absorption of solar energy 
would be expected. 

In a pure water atmosphere dissociation of water into hydroxyl and 
atomic hydrogen would occur by absorption of light below 1900 A. Also 
dissociation of hydroxyl should occur giving atomic oxygen. Secondary 
reactions should produce Ov, HeO2, HO» and O; in amounts very difficult to 
estimate. 

A combined methane and water atmosphere quite obviously would give 
a great variety of compounds of carbon, hydrogen and oxygen. In par 
ticular the reaction 


CH, + OH = CH; ++ H,O 


would occur, thus producing larger quantities of methyl. These com 
pounds would move by convection to lower levels in some quantities, 
dissolve in rain water and produce solutions of organic compounds in the 
oceans. Here ammonium salts should have been present (see below), and 
and the formation of nitrogen-containing compounds would occur. Given 
time, some natural catalysts and very slow destruction of organic com 


pounds because of the absence of living organisms, a large number of or 


ganic compounds would be expected. If all the present surface carbon were 
dissolved in the present oceans as organic compounds, the oceans would be 
come approximately a one per cent solution of these compounds. Thus 
compounds suitable for living organisms were possible and probably 
abundant, 

Though the conditions postulated above are not approximated in any 
past experiments so far as I have been able to determine, the extensive 
studies on photochemistry, free radicals produced by various methods and 
the effects of electrical discharges on chemical substances!? leave no doubt 
that many compounds would be formed due to the absorption of ultra 
violet light. 

A free energy supply for primitive living organisms is necessary, for only 
in this way can an active metabolism be supported and in the absence of 
such metabolism only dead and not living organic substance is possible. 
Rabinowitch'! estimates that the present annual energy from photosyn 
thesis is 600 cal. cm.~* of the earth's surface. The following table shows 
the standard free energies for three types of reactions of carbon-hydrogen- 
oxygen compounds of different oxidation states of the carbon atom. 
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DISPROPORTION TO OXIDATION TO KEDUCTION TO 
COMPOUND Hy, COr AND HeO COn AND H2O CH, aNd HO 


CH, 0 — 195. 50 0 

CH,OH — 22.31 — 168.94 —30.13 
CH,O —27.0 ~ 124.75 —42 63 
CH,O, — 21.83 —7).71 — 45.28 
CO, 0 —31.26 
We CoH 206 —17.23 —~114.97 — 32.85 


It is apparent from this table that substantial quantities of free energy are 
available from the disproportion and reduction reactions of organic com- 


pounds, i.e., reactions possible under reducing conditions, though the free 


energies of the oxidation reactions possible in the present oxidizing atmos- 
phere are much larger, It is not intended to infer that the reactions listed 
are necessarily the ones used by primitive life, but only that they indicate 
the order of magnitude of the free energies available from similar reactions. 
(Yeast uses a disproportion reaction, 


, 6CoH 12 y(aq.) = | 3CoH;OH + ' CC do, AF yg = —8§.68 


as a source of its free energy.) The high energy photochemical reactions 
of the reducing atmosphere at high altitudes could not be highly effective 
because of back reactions and because of the high energy used for the ele- 
mentary processes (~ 150,000 cal.). Hence, the free energy supply for the 
primitive life processes was much less than that of the present time 
probably not more than 10° * or 10-*as much. However, experimentation 
on metabolic processes was possible and probably proceeded on a substantial 
scale. Also, a great advantage accrued to the mutations producing photo 
synthesis, thus ensuring survival of these processes. 

Porphyrins probably appeared during the reducing period as important 
constituents of enzymes. Also during this time, photosynthesis evolved, 
and as oxidizing conditions were established green plants became the funda- 
mental, even if they are not the dominant, type of life. In this way the 
evolution of photosynthesis was possible before the free energy due to it 
was available to living organisms. 

Time and Conditions of Transition Pertod.— The order in which reduced 
substances were oxidized depends on the free energies of the oxidation re- 


actions, 


W/sCHa(g.) + Oo = '/eCOe. + H2O, AF og, kcal. = — 97.75 
4/3NH3(g.) + Oo = 7/sNe + 2H,0, AF ugg kcal. = —110.73 
i »H2S + Oy» . »H.S¢ dy ( l molar), AF “xg keal. = - $4.72 
'/yFeS + Oo = '/2 FeSO, (aq.), AF ° ig, kcal. = S6.7. 


Thus ammonia should oxidize first, then methane, and hydrogen sulfide third. 
However, if ammonium salts of organic acids are possible the stability of re- 
duced nitrogen is greatly increased, and thus methane and ammonium ton 
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would be oxidized more or less together. This is shown by the reaction, 
*/sNHsOOCCH3+0, = */3N2+2H20+*/;CH;COOH, AFR, = —97.83. 


The last two reactions show that sulfide sulfur will be oxidized after the 
methane and ammonium ion have been oxidized. This conclusion is sup- 
ported by other oxidation-reduction reactions of sulfur and carbon. 

The amount of carbon on the earth’s surface is about 350 g. atoms cm. ~? 
equivalent to 1.4 & 10* moles em. * or 2.5 & 10‘ g. em. ~? of water, if all 
carbon was initially present as CH, and all had been oxidized to COy. But 
carbon is produced from the earth's interior and its state of reduction is less 
than that of methane and part of the surface carbon is not now oxidized to 
carbon dioxide. Hence the total amount of water which has been decom- 
posed in order to oxidize the carbon is more nearly half of the above value, 
or 700 moles cm. ~* of water. Using the energy per year absorbed by the 
atmosphere in wave-lengths below 1500 A, 1.e., 1.6 cal. yr.~' em.~*, and as- 
suming that every quantum produces a hydrogen atom with 200,000 cal. per 
gram atom and that the hydrogen atom escaped from the earth, 10° years 
would be required for the oxidation process. If effectively all the energy 
below 2000 A is utilized in this way, the time would be 2.5 & 10° years 
Neither assumption is realistic and no estimate can be made in_ this 
way except that the time might be either very long or comparatively 
short. 

The hydrogen must escape in order for an oxidized atmosphere to be es 
tablished, and if the methane-water atmosphere is cold, escape will be diffi 
cult. Interpolating from Spitzer's calculations'* the escape of the required 
amount of hydrogen would require about 2 & 10° years, if atomic hydrogen 
escaped at 325°K. with an effective surface partial pressure of 10~* atmos- 
phere and 2 X 10° years if the surface pressure was one atmosphere. In 
the latter case the escape formula is not a good approximation but the time 
would be short nevertheless. If escape was by molecular hydrogen the 
temperature must be 650°K. for the same times of escape. The temper 
ature of the methane water atmosphere at high altitudes was probably less 
than $25°K. and hence a long time for the escape of hydrogen from the re 
ducing atmosphere is indicated. 

Thode'* and his coworkers have found that the ratios of the sulfur iso 


topes in the sulfides, elementary sulfur and sulfates are closely the 


same as this ratio in meteoritic sulfur until about S & 10° years ago, 
and after this time the sulfur and sulfides contain increasing amounts of S** 
with time while the sulfates contain less amounts of this isotope. They as 
cribe this to the action of living organisms in promoting the oxidation and 
reduction of sulfur compounds, thus leading to a progressive separation of 
the isotopes, and suggest that life evolved about S K 10° years ago. This is 
a very interesting suggestion and may be a correct conclusion. It does 
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not give a very long time for the evolution of the very comlpex organisms 
whose remains are found in the Cambrian rocks. 

On the other hand, this date might mark the transition from the reducing 
to the oxidizing atmospheric conditions. The oxidation of sulfur and sul- 
fides to sulfates would probably not occur to any large extent until free 
oxygen appeared or until photosynthesis was well developed. But lime- 
stones were deposited in large quantities early in the earth's history and 
graphite was not. The two reactions, 


CaCO; + SiO, + 4H2(g.) = CH, + 2H.O + CaSi0s, K = 3 X 10" 
and 
C + 2H.(g.) = CH,(g.), K = 8 X 10', 


make possible an estimate of the pressure of hydrogen and methane that 
would make these two events possible at the same time. The pressure of 
methane would only be 5 atmospheres if all the present surface carbon were 
methane and if part of this carbon were dissolved as organic compounds in 
the oceans, the partial pressure might well be about one atmosphere. 
Then, if limestones were deposited, the hydrogen partial pressure was less 
than 10°‘ atmosphere if equilibrium existed, but was probably higher since 
complete equilibrium cannot be expected. The second equation shows 
that graphite would not be stable under these conditions. As the methane 
was consumed the hydrogen pressure must have decreased. The partial 


pressure of carbon dioxide was 10~° atmosphere if calcium carbonate was 
present, and may have been higher than this as it is today. If the hydrogen 
pressure fluctuated and for brief periods exceeded some critical pressure, 


massive deposits of limestones would be possible, but organisms which ex- 
perimented with calcareous shells would have had great difficulty in pre- 
venting the dissolution of their shells during these periods and the extine- 
tion of their species, and indeed no certain calcareous fossils have been 
found in the Precambrian. 

It seems just barely possible that reducing conditions were maintained 
until some S & 10° years ago. Limestones could be deposited, graphite 
need not have been formed, living organisms might find some 10 ~* atmos- 
phere or even less of hydrogen with photochemically oxidized organic com- 
pounds sufficient for their metabolic processes, and the methane pressure 
could not have been above 5 atmospheres and was maintained at lower 
pressures by the solubility of the oxidized organic compounds in water. 
The precipitation of limestones in great quantities presents a difficulty to 
the hypothesis of a long period during which a reducing atmosphere was 
present. The presence of highly oxidized iron in “red beds’ and hematite 
(Fe.Q 3) iron ores are justly regarded as evidence for atmospheric oxygen. 
Red beds apparently are unknown earlier than the late Precambrian. 
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Most of the great bodies of iron ore were laid down in the late Precam- 
brian (Huronian) or were extensively eroded during this time. The iron 
ore of the Vermillion range of Minnesota is much earlier (Keewatin) and 
thus oxidation of ferrous iron to ferric oxide took place early in the earth's 
history.'* It should be noted that ferrous oxide should be oxidized to mag- 
netic iron oxide by water if the temperature is sufficiently high to make the 
reaction fast enough with respect to the time available. However, mag- 
netic iron oxide cannot be oxidized to ferric oxide by water unless the hy 
drogen is removed. The relations are shown by the reactions, 


3FeO + H.O = Fest dy + Ho: K 99s = 10°, K 500 = 10‘ 
2Fe;0O, + HO = 3Fe.O; + He; Koo = 107°, Koo = 10 5 


Thus circulating hot water could produce ferric oxide even in the absence 
of free oxygen, but it would probably be a rare event. The magnetic iron 
oxide is formed when iron is corroded by water in boilers. The conditions 
of deposition of these ores of the Precambrian are not well understood, 
though as stated above the presence of highly oxidized iron justifies a 
strong presumption of an oxidizing atmosphere. Thoughout the calcu- 
lations it has been assumed that thermodynamic equilibria will be attained 
except for photochemical effects. This need not be the case and the pres- 
ence of living organisms almost certainly would lead to important devia 
tions from such equilibrium. 

The red bacteria and some species of algae are able to use hydrogen and 
carbon dioxide in photosynthesis. This ability to use hydrogen is espe- 
cially interesting because they do not find hydrogen available in their nat- 
ural habitats. They appear to be living fossils from some former time and 
would live under conditions outlined above, though they prefer higher 
pressures of hydrogen than 10 -* atmosphere. Incidentally, modern plants 
prefer higher concentrations of carbon dioxide than those available in na- 
ture.§ If the present atmosphere should slowly change to a reducing one, 
it is certain that a substantial flora and fauna would survive. The flora 
would surely include many green plants and the fauna most of the prin- 


cipal orders of animals with the exception of the mammals and birds, 1.e., 
the warm-blooded animals, for whom the reduced free energy supply would 
probably be fatal. A few aerobes would probably survive wherever photo- 


synthesis was very intense. Aerobic organisms must naturally be most 
abundant uider aerobic conditions, but mutations would surely supply 
anaerobic ones for life in a reducing atmosphere." 

Poole’ thinks that oxygen may have been absent from the earth's 
atmosphere for some 10° years of the earth’s history, but according to the 
evidence given here his model of the primitive atmosphere is not correct 
and hence his conclusion does not substantiate the present work. He 
shows that Tammann’'s thermal dissociation 1s not correct and that photo 
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chemical dissociation and the escape of hydrogen are necessary for the 
formation of free oxygen. It 1s contended here that this mechanism is nec- 
essary to account for carbon dioxide as well. Lane" has argued that free 
oxygen did not appear until late Precambrian times because of the reduced 
condition of the Keewatin Greenstone schists. MacGregor’ comes to 
similar conclusions from the Precambrian rocks of Rhodesia. He suggests 
that the Precambrian iron deposits were concentrated from igneous sur- 
face rocks by solution of iron in the absence of free oxygen as ferrous car- 
bonate which was precipitated as ferric oxide by the action of green plants 
in a lake or sea into which the rivers ran. The plants may have been diat- 
oms and hence the well-known banded structure of hematite and jasper 
may have been produced. As indicated above, the origin of these deposits 
is not well understood and therefore these suggestions, while worthy of 
consideration, cannot be regarded as conclusive. 

The general course of events and the favorable condition for the origin 
of life outlined in this paper in no way depend on the time of transition 
from reducing to oxidizing conditions being exactly some 8 X 10° years 
ago. However, the evolution from inanimate systems of biochemical com- 
pounds, e.g., the proteins, carbohydrates, enzymes and many others, of 
the intricate systems of reactions characteristic of living organisms, and of 
the truly remarkable ability of molecules to reproduce themselves seems to 
those most expert in the field to be almost impossible. Thus a time from 
the beginning to photosynthesis of two billion years may help many to 
accept the hypothesis of the spontaneous generation of life. On the other 
hand, our judgment of an approximate time for the origin of life certainly 
is not so precise that we can say that 2 x 10° years are sufficient but 
2 X 10° years are not. 

It seems to me that experimentation on the production of organic com- 
pounds from water and methane in the presence of ultra-violet light of 
approximately the spectral distribution estimated for sunlight would be 


most profitable. The investigation of possible effects of electric discharges 


on the reactions should also be tried since electric storms in the reducing 
atmosphere can be postulated reasonably. 

Also theoretical investigations on hydrogen and methane-water atmos 
pheres would be most helpful in estimating the time of transition from the 
reducing to the oxidizing atmosphere. Most interesting in this connection 
would be more experimental data such as those of Dr. Thode and his co- 
workers on the abundance of the sulfur isotopes. The time of transition 
should be recorded in the rocks, and some such indication as that observed, 
by Thode, or some change in the state of oxidation of some elements 
should occur and should be detectable providing the time of transition was 
not too early in the earth’s history. 

| have profited greatly from discussions of this subject with Professor 
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James Franck, who has often pointed out to me and others that complex 
organic compounds, even porphyrins, may have originated under approxi 
mately the conditions outlined in this paper. 


Note added in proof: Since this paper was written an interesting 
paper by J. D. Pernal on the Physical Basis of Life (London, Routledge 
and Kegan Paul, 1951) has come to my attention, in which very similar 


suggestions have been made, but there are differences in details and the 
arguments used. His paper is worthy of serious study. 


§ Iam indebted to Dr. H. Gaffron for information relative to these bacteria and algae 
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SOME COMMENTS ON THE LONDON-BROOKS TREATMENT 
OF DIAMAGNETIC ANISOTROP ¥* 


By G. W. WHELAND AND SHELDON L. MATLOW 
DEPARTMENT OF CHEMISTRY, UNIVERSITY OF CHICAGO 
Communicated by R. S. Mulliken, January 11, 1952 


In the LCAO (linear combination of atomic orbitals) approximation, 
a molecular orbital y for a system in field-free space is expressed in the 
form 


n 


y= > oth (1) 
k= 
where the constant coefficients ¢, are variation parameters, and the func- 
tions ¢ are atomic orbitals. London! has shown that, when the system 
is in a magnetic field characterized by the vector potential A, equation (1) 
can conveniently be replaced by 


9 


y a . eve be r) 
k=l 

where e is the electronic charge, 4 is Planck's constant, and c is the velocity 
of light. Moreover, r is the radius vector with respect to any arbitrary 
origin, and A, is the value of A at the point r, (i.e., at the nucleus about 
which the orbital ¢ is centered). For a particular case in which each 
gd is a (real) p, orbital, and in which the magnetic field, of strength //, 
is parallel to the z-axis, London has shown! also that the general element 
[30,— W),, of the secular determinant can be approximated by the ex- 
pression 


15 ans Wat = iS: dy (KH = W)¢, dr = (i saa SieW + X, fT’) exp 
(2reiH1TD,,/hc) (3) 


Here, K is the complete one-electron Hamiltonian operator which applies 
in the presence of the magnetic field, and 3c° is the corresponding operator 
which would apply in the absence of such a field. In addition, D,, is the 
area of the triangle defined by the origin and by the points r, and r,; it 
is to be taken with positive or negative sign if these three points lie in, 
respectively, a clockwise or a counterclockwise order. Clearly, Dj, is 
identically equal to zero for all k, and D,, = —Dy. Finally, S,, and X,; 
are defined by the identities 


Ser Ms dp, dr (4) 
X iff? = (e” 2m 2) SoA 25 ies A, )°o, dr (5) 


where m is the mass of an electron. 
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If we now make the following substitutions and approximations 


Gs a fork l 
y for @ and @, adjacent 
0 otherwise 
| for k l 
S for @ and @, adjacent 
0 otherwise 
(1/2)xo for k = | 
('/.)7 for @ and @, adjacent 
0 otherwise 
W (1/9) xoff? 
aes aanaaies (9) 
SU (/,)\TH 


and 
Prt (2reHD,.,) /he (10) 


the secular determinant can be put into a simple and convemient form. 


Each diagonal element is then equal to x; each non-diagonal element 
connecting adjacent orbitals ¢@ and @, is equal to either exp(ip,,) or to 
exp(—ip,,); and all other elements are equal to zero. The Hermitian 


character is maintained, since all diagonal elements are real, and since 


Pr = —Pu- 


Solution of the secular equation gives x as a function of /7, expressible 
aS a power series 
r=%+xH + wf? + .... (11) 
The coefficients x», X), Xs, are independent of //, but they do in general 
depend upon the areas D),,. 
From equation (9) we find that 
a vy (1/2) x0of7? + (1/2) TH?x 


W 
1 — Sx 


(12) 


In the original treatment of London,! both integrals S and 7’ were assumed 
to be equal to zero. With this assumption, equation (12) becomes 
W = @o (} 2) xofl? xY = a - { f 2) xoFl? 

(xo + xT + xf? 4 yy (13) 
so that the magnetic susceptibility x, due to an electron in the molecular 
orbital which has the energy W, is 

ol’ 
OT’ H«0 





PHYSICS: WHELAND AND MATLOW Proc. N. A.S 


If the molecular orbital y happens to be identical with one of the atomic 
orbitals ¢,, both « and x. are equal to zero. Hence xo is merely the sus- 
ceptibility of an electron in an unmodified atomic p orbital. On the other 
hand, if the molecular orbital is of the two-center type involved in a 
localized bond between two definite atoms, x is found always to be inde- 
pendent of //, so that x, must be equal to zero. Here again, therefore, 
the susceptibility is simply x». Consequently, it seems reasonable to 
suppose that, with a planar molecule like that of benzene, the sum of the 
terms 2xyy for the occupied molecular orbitals, which are responsible for 
the unlocalized m bonds, is equal to the diamagnetic anisotropy x, — x 
or, in other words, to the difference between the diamagnetic susceptibilities 
in the directions perpendicular to and parallel to the plane of the molecule. 
London showed that, when the diamagnetic anisotropies of several different 
planar aromatic hydrocarbons are calculated in this way, satisfactory 
agreement with experiment can be obtained if the resonance integral y 
is assigned a value of about —4.4e.-v. It is to be noted that y is therefore 
not only negative, as it is generally assumed to be in the calculations of 
other properties such as the resonance energy, but also of reasonable 
magnitude. Moreover, y appears to be at least approximately constant 
from molecule to molecule. The results of London's calculations are 
listed in the second column of table 1 on page 370. 

Somewhat after London described his original treatment of diamagnetic 
anisotropy, Brooks’ considered the modifications that are required if the 
overlap integral S is assigned a value different from zero. The following 
discussion, although superficially rather different from that of Brooks, 
seems to be at least approximately equivalent to his and, in addition, it 
brings out more clearly the nature of the approximations which are made. 
Let us introduce a new parameter y, which is related to the x of equation 
(9) by the identity 


(15) 


so that 


1+ Sy 


Substitution of 16 into 12 then gives 


W - a (! 2)xoll” _ yl¥ ts Sa + (} 2) SxolT? _— (} ‘o) TH} 


Now, if we define 


and if we assume that 
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T = Sxo (19) 
we find that 


W = a — ('/2)xoH? — yp. (20) 


This resulting equation has the same form as 13, and differs from it only 
in the interpretation of the term y@, which here replaces the term xy of 
the earlier equation. From this point, we can therefore proceed as before 


by setting 
vy = Wo oa wll + voll? “+ sae (21) 


(ef. equation (11)) and by then obtaining the values of yo, yi, ye, ... from 
equations 11 and 15. The diamagnetic anisotropy then of course becomes 
the sum of the terms 2y.8 for the occupied orbitals. The agreement 
between the observed anisotropies and the values calculated in this way 
is essentially as good as with London’s earlier treatment.’ The aniso- 
tropies calculated by Brooks with S = '/, are listed in the third column 
of table 1 on page 370. 

Since the above-described London-Brooks treatment of diamagnetic 
anisotropy seems to give satisfactory results with simple aromatic hydro- 
carbons, an attempt was made to extend it to some rather different systems. 
From a study of the apparent magnetic susceptibilities of some highly 
dissociated hexaarylethanes Ar;C—-CAr;, Selwood and Dobres* concluded 
that the magnitudes of the diamagnetic contributions to the total sus- 
ceptibilities of the triarylmethyl radicals are probably much larger than 
Pascal's relations would lead one, to expect. This conclusion seems 
entirely reasonable since the increase in the extent of the conjugated system 
in the transition from an ethane of this type to the corresponding pair of 
radicals should result in an increase in the diamagnetic anisotropy, so that, 
for example, the anisotropy of triphenylmethyl should be greater than three 
times that of benzene. When the calculation (by the original method of 
London) was made, however, the result was quite different from the 
expectation, since the calculated anisotropy of triphenylmethyl was only 
about 2.6 times that of benzene. (Cf. table 1, page 370.) This discrepancy 
might be due to the fact that the calculation was based on the presumably 
incorrect assumption that the radical is planar. Such an explanation, 
however, seems unlikely for, since any departure from planarity must 
decrease the effectiveness of the conjugation of the rings with the central 
carbon atom and with one another, the calculation for a non-planar radical 
would be expected to give a result which is intermediate between that 
for the planar radical and that for isolated benzene molecules. 

Since the treatment of triphenylmethyl was therefore far from satis- 
factory, we considered it desirable to treat some other, less complex systems 
in which, as in triphenylmethyl, the conjugation is dependent on the 
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presence of an unsaturated atom that is not part of any ring. A simple 
example of such a system is provided by the carbonate ion, which has the 
required planar configuration, and which exhibits a small but appreciable 
diamagnetic anisotropy of the same type as does benzene. The presence 
of oxygen, instead of carbon, atoms in this molecule and the existence of 
the ionic charge doubtless require the use here of different values for the 
parameters S, a, 8, y, and xo, but it was hoped that qualitative information 
could nevertheless be obtained. The calculations, however, showed that, 
no matter what values were assigned to these parameters, the calculated 
anisotropy was exactly zero. Some modification of the treatment was 
therefore demanded. 

Our first idea was that the calculation ought to lead to the desired 
anisotropy if we “completed the electric circuits’ by letting the various 
integrals connecting different atomic orbitals (e.g., S, y, 7) have non- 
vanishing values even when the two orbitals in question were not adjacent. 
Although several additional parameters would therefore be required, we 
again hoped that we might be able to obtain qualitatively satisfactory 
information. The calculations, however, led to the completely unexpected 
result that the anisotropy, although now no longer zero, was in the wrong 
direction. In fact, with any reasonable choice of values for the parameters, 
the ion was found (contrary to experiment) to be less diamagnetic in the 
direction perpendicular to its plane than in one parallel to that plane 
Although this error might be due to the fact that the carbonate ion differs 
from a hydrocarbon in having a larger number of m electrons than of + 
orbitals, such an explanation seems unlikely since a similar situation was 
encountered also with butadiene. Although no experimental data are 
available, one would naturally suppose that this latter substance must 
have its greatest diamagnetic susceptibility perpendicular to the plane of 
the molecule. As with the carbonate ion, the calculation leads to zero 
amsotropy if only the interactions between adjacent orbitals are con- 
sidered, and to an anisotropy in the wrong or, at any rate, in the un- 
expected direction if more distant interactions are also included. In view 
of the serious discrepancies to which it thus led, this method for generalizing 
the London-Brooks treatment was now abandoned, and we returned to the 
simpler procedure of neglecting all interactions between non-adjacent 
orbitals. 

Our next, and final, attempt to improve the treatment of diamagnetic 
anisotropy was slightly more successful than the first, but it still left much 
to be desired. As was noted above, the calculations in which the overlap 
integral .S was not neglected were based on the assumption expressed in 
equation (19). Since all the pertinent integrals can, however, be readily 
evaluated, it now seemed worth while to see how nearly correct this as- 


sumption really is. If the atomic orbitals ¢, have the form’ 
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oy Nr sin 6 cos @ exp (— 1.625r/ay) 22 


where N is a normalization constant and a, is the radius of the first Bohr 
orbit, the overlap integral S for two adjacent orbitals at a distance of 
1.4 A is found® to be about one-fourth. On the other hand, the ratio 
7x0 is found then to be more nearly equal to three-fourths. Thus, we see 
that, in assuming 7° to be equal to zero, London neglected a term nearly 
as important as the one, xo, which he retained; and, moreover, that the 
assumption (19) 1s rather inaccurate. We therefore have reason to hope 
that the calculations could be improved by use of a better value for the 
ratio T/xo. 
By combining equations (17), (1S), and (21), we obtain 
W = a — ('/2)xoH? — (yo + will + yell? 4+ ) Xx 
[B+ ('/)(Sxo — T)H?] 
so that, if we set S '/, and 7)'xo ty 
W a — ('/2)xofl? — (yo + wll + yell? 4 \(B — xolf?/4) (24) 
Consequently, 
ow 


. xo( 1 1/2) + 2yB 
OH? |n20 


The diamagnetic anisotropy, which is now 
AL ~ X (/2)xo¥o + 2928 (26) 


therefore differs by the term —('/2)xoyo from the one based gn equation 
(20). Since xo and y are both negative, the effect of this term is to increase 
the magnitude of the anisotropy that 1s calculated for the entire molecule 
by summation of the contributions x; — x, for the individual occupied 
orbitals. Hence, the correction is at any rate in the right direction. 

In order to apply equation (26) to a specified molecule, we need not 
only to determine the values of the constants yy) and yy by solution of the 
secular equation, but also to estimate the values of the parameters x» and 
3. The first of these latter quantities can be directly evaluated by inte- 
gration of the defining equation (5) (cf. also equation (8)); thus, if @» is 
assumed to have the same form as before (cf. equation (22)), xo is found 
to be equal to — 1.35 K 10°. The remaining parameter, 8, is then chosen 
so as to give agreement between the calculated and observed anisotropies 


of benzene. In this way, § is found to be equal to —4.20 e.-v. 


The results of several calculations based on equation (26) are given 
in the fourth column of table |. For the aromatic hydrocarbons, the 
present treatment is approximately as satisfactory as, but not significantly 
better than, those of London and of Brooks. For the carbonate ion, the 
calculated anisotropy is at least in the right direction but, with any reason- 
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able choice of the additional parameters that are introduced by the differ- 
ence between oxygen and carbon, it is much too small. For butadiene 
and for the allyl radical, the calculated anisotropies are in the expected 
direction, but no experimental values are available for comparison. 
Finally, for triphenylmethyl, the calculated anisotropy is slightly greater 


TABLE 1 


CALCULATED AND OBSERVED DIAMAGNETIC ANISOTROPIES 
MAGNITUDE OF ANISOTROPY ( X 10) 
PRESENT 

SUBSTANCE LONDON® BROOKS? TREATMENT‘ OBSERVED* 
Benzene (54) (54) (54) 54 
Naphthalene 118 120 ats 114 
Anthracene 186 19] 186 183 
Phenanthrene 72 165 163 166 
Pyrene 241 257 242 233 
Biphenyl] 103" 103° 104 119 
Stilbene (trans) 97! 103 124-160" 
Triphenylmethyl] 130/ > 162° 
Ethylene 
Allyl radical 
Butadiene 
Cyclopentadicene 
Carbonate ion j 4* 

“ Except as noted, these values are taken from London, F., J. phys. radium, 8, 397 
(1937 ) 

® Except as noted, these values are taken from Brooks, H., J. Chem. Phys., 9, 463 
(1941) 

* Calculated with S = '/,, T = 3x0/4, xo = 135 K 10°%, B = —4.20 e.-v. 

“ Corrected value, obtained by the present authors. London’s original value was 
119. We have been unable to confirm the value of 101 given by McWeeny (cf. foot 
note 4) 

* Corrected value, obtained by the present authors. Brooks’ original value was 
185. We have been unable to confirm either the value of 106 given by McWeeny in 
his first paper or the different value of 101 given by the same author in his second paper 
(cf. footnote 3) 

’ Calculated by the present authors 

* Lonsdale, K., Proc. Roy. Soc. (London), A171, 541 (1939). 

" Calculated for a planar molecule. 

"Cf. Selwood, P. W., and Dobres, R. M., J. Am. Chem. Soc., 72, 3860 (1950). 

’ Caleulated on the assumption that @ for an oxygen atom is the same as for a carbon 
atom. Agreement with experiment could be obtained only by making S negative or 
7 greater than yo. It is not inconceivable that better results could have been obtained 
by using different values for the two different integrals a. 

* Krishnan, K. S., Phys. Rev., 38, 833 (1931) 


than that found by the Londen treatment but, since it 1s less than three 
times that of benzene, it is still much too small. 

Summary and Conclusion._-In the present discussion of the molecular- 
orbital calculation of diamagnetic anisotropy (with neglect of all inter- 
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actions between non-adjacent orbitals), three different sets of assumptions 
regarding the values of the integrals S (equation (7)) and 7° (equations 
(5) and (S8)) have been considered. (1) The original treatment, due to 
London, results when both S and 7 are arbitrarily set equal to zero. (2) 
A presumably more accurate treatment, which is at least approximately 
equivalent to the one due to Brooks, results when S is given the value 
'/, that is obtained by integration; and when 7° is assumed to be equal 
to Sx. (3) A presumably still more accurate treatment results when 
S, T and xo are assigned the values ('/4, 3x0/4 and —1.35 X 1078, re- 
spectively) that are obtained by integration. 


For aromatic hydrocarbons, all three treatments lead to calculated 


anisotropies in fairly good agreement with one another and with experi- 
ment. For the carbonate ion and for the triphenylmethyl radical, no one 
of the methods is at all satisfactory, since all give much too small aniso- 
tropies. For the allyl radical and for butadiene, the last method gives 
anisotropies in the expected directions, but a comparison with experiment 
is prevented by lack of data. Of the three methods, no one is therefore 
generally satisfactory, but the last is perhaps slightly better than the other 
two. 

If, in the calculations of the London type, interactions between non- 
adjacent orbitals are not neglected, the calculated anisotropies are in the 
wrong direction for the carbonate ion and probably also for butadiene. 


* This paper was prepared in connection with a conference on ‘“‘Quantum-Mechanical 
Methods in Valence Theory” held at Shelter Island, September 7—10, 1951, under the 
auspices of the NATIONAL ACADEMY OF SCIENCES (see Summary of the Conference in 
a subsequent issue of these PROCEEDINGS). 

1 London, F., J. phys. radium, 8, 397 (1937) 

2? Brooks, H., J. Chem. Phys., 9, 463 (1941) 

3 For one compound, biphenyl, Brooks reported? that his method gives a calculated 
anisotropy which is about 55% too high. This discrepancy, apparently arises from the 
fact that, in his calculations, Brooks used the solutions of the secular equation which 
are listed by London on page 408 of his original paper! As was first noted by R 
McWeeny |J. Chem. Phys., 17, 1341 (1949)], however, there are numerical errors in 
these latter figures. When the necessary corrections are made, the calculations by the 
methods of London and of Brooks are brought into essential agreement with each other, 
although each then leads to an anisotropy which is rather too low. (Cf. table 1.) 

4 Selwood, P. W., and Dobres, R. M., J. Am. Chem. Soc., 72: 3860 (1950). However, 
cf. Chu, T., and Weissman, S. I., /bid., 73, 4462 (1951). 

5 Mulliken, R. S., Rieke, C. A., Orloff, D., and Orloff, H., J. Chem. Phys., 17, 1248 
(1949). 
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r-ELECTRONS AND o-ELECTRONS* 
By C. A. Coutson,¢ N. H. Marcut anp S. ALTMANN§ 
WHEATSTONE Puysics DEPARTMENT, KING’S COLLEGE, LONDON, ENGLAND 
Communicated by Robert S. Mulliken, Feb. 26, 1952 


In order to elucidate the distinction between a- and o-electrons we have 
calculated! the density of the charge cloud in benzene. Two methods have 


been used for this purpose: 


FIGURE 


Calculated electron density in benzene in the plane of the ring; 
m. o. method. Dots denote carbon atoms. Contours at intervals of 
0.20 ¢/A4, 


(a) Conventional molecular-orbital method, without configuration in 
teraction. 

(b) Thomas-Fermi statistical method. 

The first of these methods distinguishes between o- and z-electrons: 
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FIGURE 2 


Same as figure 1, except that the plane is drawn parallel to the 
plane of the nuclei a distance 0.85 A. above it 


FIGURE 3% 


Same as figure 2, except that only the 


r-electrons are considered 
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the second does not. The wave functions of the first (including the hydro- 
gen atoms) are simple to write down. The solution of the T. F. equation 
required in the second is a matter of some difficulty, and was obtained by an 
extension of the technique used by Hund? in some early work on No». It 
seems reasonable to suppose that, although there are obvious approxima- 
tions and assumptions, the two methods should give a good general de- 
scription of the charge density except, perhaps, at large distances from the 


centers of the atoms. 


FIGURE 4 


Calculated electron density in benzene in the plane of 
the ring. Thomas-Fermi method. Contours at intervals of 
0.20 e/A* This may be compared with figure 1 


Numerical results are shown in figures 1-5, in which the contours of 
charge density are plotted both in the plane of the molecule, and in a 
parallel plane. The height of this plane above the plane of the ring (0.35 
A.) was chosen so as to emphasize as much as possible the contribution 
from the w-electrons. This contribution is obviously zero in the molecular 
plane. 

A study of figures 1-5 reveals the following: 

(1) There is general agreement, from figures | and 4, that the charge 
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FIGURE 5 


Same as figure 4, except that the plane is drawn parallel 
to the plane of the nuclei a distance 0.35 A. above it. This may 


be compared with figure 2. 


~ os 


——_—— oe 


FIGURE 6 


Conventional o and w clouds. 
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cloud has a considerable density in the center of the ring, and that this 
density falls to about one-fifth of its value at the mid-point of the C—C 
bonds. ‘This is in general agreement with the accurate x-ray analysis of 
Robertson’ for naphthalene. (It would be highly desirable to have a good 
x-ray analysis of benzene.) 

(2) The value of the cloud density along the C--C ‘‘bonds’’ suggests 
that these are slightly ‘bent’ in toward the center of the hexagon. 

(3) Most significant of all, however, is the situation in the parallel plane. 
For as figures 2 and 3 illustrate, there is only a very tiny region, immediately 
above the six-carbon nuclei, where the contribution from the z-electrons 
is as great as that of the o-electrons. This means that the w-electrons may 
be thought of as practically ‘“‘submerged” in a larger sea of o-electrons. 
Such a situation is disguised from us by our conventional drawings (Fig. 6) 
of o- and w-bonds. It is clear from the present analysis that, so far as their 
spatial character is concerned, the double-streamers of the r-cloud do not 
lie outside, or separate from, the o-cloud. 

This conclusion regarding the density makes one wonder how it is that 
so much progress has been made in organic chemistry by considering the 
m-electrons by themselves. It will be recalled that discussions of chemical 
reactivity, particularly for substitution reactions, and of polarizability, 
bond length, resonance moment, ultra-violet absorption, etc., are almost 
always given in terms of w-electrons only. It can only be concluded that 
such calculations are less surely based, and therefore more empirical, than 


we had previously thought. The o- and the r-electrons cannot be clearly 


separated in this way. 

This conclusion leads us to consider in what way we can incorporate such 
non-separability in our calculations. With this end in view one of us* has 
discussed ethylene, using an essentially valence-bond (HLPS) attack. 
More precisely we have considered the difference in ground and excited 
states between the predictions obtained (a) by treating the molecule as a 
purely w-electron problem — the so-called Hiickel approximation —and (4) 
by introducing the o-electrons and allowing the pairing of a o- and a z- 
electron the so-called o-m resonance effect. In this work the full 12- 
electron Hamiltonian was used, and all the integrals except one purely 
atomic one, were either evaluated accurately, or, in three or four cases, 
values had to be estimated. The Is, or A-shell, electrons were compressed 
into the nuclei. Although this will certainly affect the total energy, it is 
most unlikely to affect resonance and excitation energies to any significant 
extent. In this work ionic structures were neglected. A summary of the 
conclusions obtained is as follows: 

(1) No ab initio calculation of the mw-mr exchange integral, such as 
those of Grifling® and Van Dranen,® is able to give a satisfactory value un 
less the full r-o Hamiltonian is used. In our case, the m-r exchange inte- 
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gral is —2.7 e. v. obtained without the use of any empirical information ex- 
cept the C--C distance and the one atomic term referred to before. The 
a-o exchange integral is numerically rather smaller than the m-r exchange 
integral. The r-o exchange integral is +0.97 e. v., with opposite sign to 
the m-r and o-o exchange integrals. 

(2) A good deal of the stability of ethylene resides in 2-0 resonance. 
Something like '/) e. v. results in this way. It can be shown, however, 
that this resonance is not likely to be significant for the calculation of 
resonance energies. For these latter are differences between two energy 
values, in both of which the z-o resonance is expected to be much the same. 

(3) The situation in excited states, however, is quite different. In the 
simple HLPS scheme, many difficulties had already become apparent, and 
they had chiefly been assigned to lack of consideration of ionic structures. 
But it now appears much more probable that they lie in the failure ef the 
Hiickel approximation. <A particularly striking illustration arises in 
ethylene. If we consider only the r-electrons, it is a 2-electron problem, 
and there is no excited singlet level arising from px atomic orbitals in a co- 
valent wave function. Introduction of the o-electrons of the C-—-C bond 
(without, at this stage, introducing the C -H o-electrons) makes it a 4- 
electron problem which admits, in the same conditions, one excited singlet. 

In our calculations we have introduced all 12 valence electrons, and in 
corporated canonical structures involving not more than two m-o pairings 
of the electrons. Our suggested description of the spectrum in the ultra 
violet now becomes as follows: 

First there is a forbidden '4,, — 'A,, band, to be identified with the ob- 
served faint absorption starting at about 2000 A. Then there is a band, of 
allowed transition, but double, given by the symmetries '4,, —~ 'B,, and 
'A,, > 'Bo,, separated by about a calculated 0.2 e. v. (experimental value 
0.06 e. v.).. These bands are identified with the strong absorption at 1600 
A. The double nature of this band has been recognized experimentally for 
some time, but it does not yet appear to have received any completely satis- 
factory interpretation. (The only current interpretation’ * of which we 
are aware interprets these two bands as 0,0 and 0,2 transitions, with no sign 
of 0,4. This interpretation deals nicely with the isotope effect, but is in 
difficulty with the intensities.) The calculated energy difference between 
the first (forbidden) band and the second (allowed) band is 1.4 e. v. (experi- 
mental 1.1 e. v.). The chief objection to this new treatment is that the 


energies of the bands are about 1.5 e. v. higher than those given by the 
ASMO method. 
All this suggests rather strongly that our rather heavy concentration on 


r-electrons to the almost complete exclusion of o-electrons is by no means 
satisfactory, more particularly in the excited states. 
It may be added in conclusion that Altmann has discussed alkyl-ethyl- 
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enes in the same way. A red shift in the tetra methyl compound is ob- 
tained, which is estimated at 0.9 e. v., to be compared with the experimental 


l.le.v. This is particularly interesting in view of the fact that no explicit 
mention of hyperconjugation occurs in this treatment. Conventionally 
hyperconjugation is usually regarded as the source of this red shift. It is 
possible that Altmann’s treatment does implicitly include a degree of o- 
hyperconjugation. It does not, however, appear to include any m-hyper- 
conjugation. 

This method could be applied to benzene, but it would be very clumsy 
to apply to larger systems. 

We should like to acknowledge the benefit of correspondence arid dis- 
cussion with Professor R. S. Mulliken. 

* This paper was prepared in connection with the recent Academy conference on 
“Quantum-Mechanical Methods in Valence Theory,” of which a Summary will be found 
in a subsequent issue of the PROCEEDINGS 
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ON THE ANOMALOUS TRANSPARENCY OF THICK CRYSTALS 
TO X-RAYS 


By W. H. ZACHARIASEN 


DEPARTMENT OF PHuysics, UNIVERSITY OF CHICAGO, AND ARGONNE NATIONAL 
LABORATORY 


Communicated February 8, 1952 


The anomalous transparency of thick, perfect crystals to a beam of 
x-rays producing ‘‘Laue case’’ diffraction was first observed by G. Borr- 
mann.! The complete solution for Laue case diffraction in a perfect crystal 
was first reported in 1945,* and the theoretical explanation of Borrmatin’s 
observation is contained in the equations giving this solution.* The writer 
was not aware of Borrmann’s experiment, and the significance of the 
equations as relating to anomalous transparency was not pointed out. 

The first quantitative experimental studies of the effect have recently 
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been carried out by Borrmann* and by H. N. Campbell,® both workers 
using calcite crystals and copper K radiation, but different experimental 
procedures. Neither Borrmann nor Campbell were familiar with the earlier 
theoretical work of the writer, and hence they did not compare their ex- 
perimental results with theoretical predictions. It is the purpose of the 
present paper to examine to what extent there is quantitative agreement 
between theory and experiment. 

The Ideal Single Crystal Diffraction Pattern.—-In order to avoid unneces 
sary duplication the notation of reference 2 will be used without further 
explanation, and numbered equations in reference 2 will be referred to by 
means of a prefix Z. The pertinent equations are inavoidably rather com- 
plicated; but some simplification is attained if the considerations are re- 
stricted to the symmetrical Laue case (1.e., 6 = +1) and to strong reflec- 
tions in centro-symmetrical crystals. Under these circumstances one has 
(see equations Z-3.123 and Z-3.177) 


V bWuda = vu’ (1 + 1k) (1) 


where x) <1. The intensity distribution for the diffracted wave is then 
given by equation Z-3.184. The corresponding explicit formula for the 
transmitted wave is obtained from equation Z-3.131 using equation | above. 
The result is 


I,° e ~ pho(to/ yo) { z QA 
= + ( 2y") cosh + 
V 


Ll + 
Ie (1 + y*) | ‘1+ y? 
Z Sh 2KA / ; \ 
2yV 1 + y? sinh + cos (2AV 1 + y')¢- (2 
Vi¢+y? 
Inspection of equations 2 and Z-3.184 shows that anomalous transparency 
does not become important unless |x A > 1. This condition is equivalent 
to the following 


Bolo 2 wnt > ] (3) 


where yy is the Fourier coeflicient given in equation Z-3.99 and f) the thick- 
ness of the crystal plate. 

When |x| A > 3 equation Z-3.18S8 can be used instead of equation Z-3.184, 
and equation 2 can be rewritten in the form 


T,° e po (1 yo 
ao one {1 + 2y? + 2yV/1 + yf. (4) 


Indeed, still further simplification is justifiable. The half width at half 
maximum, W,, is seen to be 
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er 
2 log 2 a 


W, ~ a! <1 


y 
| to 
€uo 


Yo 


for both transmitted and diffracted waves. The intensity ratio is thus 


poll 


significantly different from zero (or e “) only in the range y <1. 


Equations Z-3.188 and 4 may accordingly be approximated as follows 


iy - 9A 
I, ey (4 


e 7 Hol (6) 


Clearly equation 6 becomes unreliable when | y far exceeds the half width 
value. 

According to equation 6 the intensity associated with the transmitted 
wave is practically equal to that associated with the diffracted wave. Both 
Borrmann and Campbell found this to be true for sufficiently perfect crys- 
tal specimens. 

The formula of equation 6 gives the ideal single crystal diffraction pat- 
tern. However, this pattern cannot be observed since no point source of 
monochromatic x-rays 1s experimentally attainable. As a consequence 
Borrmann’s and Campbell’s results cannot be directly compared with 
equation 6. 

Comparison with Borrmann’s Results. In Borrmann’s work the condi- 
tion for symmetrical Laue case is not exactly fulfilled. For \ = 1.54 A 
one calculates b = 1.15. However, it is justifiable to assume that equation 
6 can still be used without introducing appreciable errors. 

The divergent radiation from the copper target of an x-ray tube served 
as the incident beam. The transmitted and diffracted beams were recorded 
on a photographic plate, and intensity ratios were measured by means of a 
photometer. The x-rays reaching the center of the transmitted or dif- 
fracted line on the photographic plate do not come only from the center of 
the focal spot (corresponding to y = 0), but also from neighboring points 
of the focal spot (corresponding to y 2 0). Accordingly the maximum in- 
tensity ratio which is measured by Borrmann represents the integrals 


. . I.° 
Ry = | It dy j [ot dy = R,°. 


With very good approximation the integration yields 
1 
SEuolo , mr 
Ryu = R,° = ( ) grt Saas (8) 
Tyo 


The effective absorption coetlicient 4; measured by Borrmann should thus 
be given by the equation 
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The value of yo for \ = 1.54 A for calcite is 193 em.~'. For the cleavage 
plane y = cos @ = 0.967. Using the numerical values of equations 
Z-3.198 and Z-3.200 one finds ¢ = 0.896 (0.958 for normal and 0.834 for 
parallel polarization). Borrmann’s observed values of yw; and those cal 
culated from equation 9 are given in table L. 


TABLE 1 
CALCULATED AND OBSERVED VALUES OF 
ty in em Calculated, em! Observed, em 
0.212 30.5 30.2 
0.27 28 6 27.7 
Comparison with Campbell's Results. In Campbell's experiments a 
double crystal diffraction procedure was used. The relative orientation 
of the two crystals corresponded to the so-called (—) position (see p. 148 
of reference 2). Diffraction in the first calcite crystal corresponded to the 
symmetrical Bragg position and in the second crystal to the symmetrical 
Laue case. By means of Geiger counters Campbell measured the ratio of 
the power transmitted or diffracted by the second crystal to that incident 
upon the second crystal as function of the setting of the second ervstal. 
The rocking curve which Campbell obtained in this manner accordingly 
corresponds to the function P given in equations Z-3.210 and Z-3.216. 
The power ratio measured exactly at the Bragg angle is the quantity P(0) 
The half width value for the diffraction pattern from the first crystal is 
large compared to that for the second crystal (W, ~ */4\/2 for the first 
crystal while W, < | for the second crystal according to equation 5). Ae 
cordingly equation Z-3.216 for y’ = 0 can be simplified to 


P(0) = CRy = CR,® (10) 


L ly , : us 
where C = (O) for the first crystal. The quantity C will have very 
Ry Io ‘ 
nearly the same value as for the Darwin solution so that C = */, = e 
The power ratio at the center of the rocking curve obtained by Campbell is 


thus given by 


log C=) + 2 
P(O) = ) ’ rage 


Zuo 
yo 


and the effective absorption coefficient by 
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Only Campbell's etched calcite crystal of thickness 0.040 cm. was of 
sufficiently high degree of perfection to justify comparison between theory 
and experiment. The experimental data given by Campbell correspond 
tow = S6cm. ', while the value calculated from equation 12 is w= 79 
om.-', 

Excellent agreement between theory and the measurements of Borrmann 
and of Campbell is thus demonstrated. 


' Borrmann, G., Physik. Z., 42, 157 (1941) 

2 Zachariasen, W.H., Theory of X-Ray Diffraction in Crystals, John Wiley & Sons, Inc., 
New York, 1945 

* The decreased absorption for the diffracted beam appears explicitly in equation 3.188 
and in less obvious form for the transmitted beam in equation 3.131. 

‘ Borrmann, G., Z. Physik., 127, 297 (1950), 

6 Campbell, H. N., J. Appl. Phys., 22, 1139 (1951) 


ERRATA 


In my article “On a Theorem of Hardy, Littlewood, Polya and Black- 
well,” the PROCEEDINGS, 37, S26-831(1951), the formula in the middle of p. 
S828 should read 


(E,t+E,-)9(CON*)= DY (((E,+9 E,t) + fe) %c*). 


And the lemma on p. 829 should read 
Lemma: For each non-zero a — be ,* + E,~) A CON* there exists /, 
1 <j < m, and non-zero d e((E,* 9 )+) + fe]) % c+ such that a — b 7 d 
70 
S. SHERMAN 
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